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STRUCTURE ANALYSIS OF FRACTAL AND CHAOTIC COMPONENTS OF CYCLIC
TRAJECTORIES FOR CONGRUENT NONLINEAR DYNAMICAL MAPS

G. Vostrov, A. Khrinenko
Odessa Polytechnic State University

Abstract. In this paper we consider the processes in maps, which are examples of nonlinear dynamical
systems. Analyzing dynamical systems, it is necessary to take into account and analyze properties of iterative
functions that determine the length of nonrepetitive iterative process. It is shown that not only properties of
functions, but also properties of numbers from the considered functions domain influence the nonlinear maps

behavior.
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Introduction

Advancements in information theory creates an
illusion that with the help of existing methods of its
application it is possible to solve any problem of
complex dynamic systems control for any level of
their complexity. This is facilitated by the well-
developed idea that applied problems and corre-
sponding solution technologies do not largely de-
pend on the level of progress in the mathematical
foundations of information theory, but in reality, the
number of blind spots in the theory of information
theory application only increases, because actual
discoveries during the studies of their trajectories
rise more and more questions and there are no an-
swers to those questions at the moment [1].

So-called blind spots include studying the struc-
ture of cyclic fixed points trajectories of nonlinear
dynamical systems depending on the initial condi-
tions. In this regard, first of all it is necessary to
mathematically prove in which extent fractal and
chaotic components of their trajectories and their
distribution in cyclic trajectories depend on the
properties of the initial conditions. In accordance to
Sharkovskii's theorem [2] on the ordering of fixed
points by the length of cyclic trajectories, it follows
that any dynamical system having at least one cyclic
fixed point with a trajectory length of three entails
the existence of cyclic fixed points in this dynamic
system with any length of trajectories. In general,
the statement determines that this leads to the crea-
tion of so-called chaos. Solution of this problem
leads us to an attempt to understand all the variety of
nonlinear phenomena and processes from which our
lives are woven [3].

Another area of application of ideas and meth-
ods of nonlinear dynamics is related to the problem
of signal processing. Assume that a distant and inac-
cessible object is being studied, so the possibilities
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of the study are limited by the analysis of the signal
coming from it. Over the last few decades, a group
of methods have been provided to determine wheth-
er this signal was generated by a dynamical system,
as well as to obtain information about the properties
of this system [6,7].

The aim of this work is to create a mathematical
basis for the analysis of behavior and cyclic trajecto-
ries structure of complex dynamical systems, as a
way to determine chaos in nonlinear stochastic dy-
namical systems of varying complexity. It is espe-
cially important to identify the structure of chaotic
processes of cyclic fixed points trajectories over a
large length, which are determined by numbers in
1/p form, where p is a prime number. Analysis of
such trajectories is important for the reason that the
structures of trajectories for the initial values n/m,
where n and m are complex numbers, that may have
completely different properties of cyclic trajectories
for their fixed points. In the first case, based on
number theory, we can analytically describe the
properties of trajectories that are determined by the
initial conditions with prime numbers using func-
tional maps, which are created on the basis of group
theory [8]. Entropy can be considered as a tool for
measuring the complexity of trajectories. Entropy
estimation methods for cyclic trajectories structure
analysis of fixed points and its structure components
can be considered as a process of obtaining new
information about chaos in cyclic trajectories of
nonlinear dynamical systems [9,10].

In a general case, we can consider dynamical
system models in a complex space. Regardless of the
choice of sets on which models of theoretical or
applied dynamical systems are built, an important
problem is the choice of mathematical approach with
which a mathematical model is built. It is not un-
common to use differential equations, random pro-
cesses, functions of complex form, time series,
which have complex forms of behavior, since its
dynamical properties are almost impossible to study
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in detail by means of corresponding mathematical
methods [8].

Iterations of maps on an interval into them-
selves are undoubtedly the simplest models, or ex-
amples, of nonlinear dynamical systems. Mathemat-
ical theory of iterative maps in general case refers to
recursive functions theory, dynamical systems theo-
ry, differential equations theory and is deeply con-
nected with the modern theory of chaos [11]. Dy-
namical systems use iterations of the form
Xn—xn+1=T(Xn), Where the function f(x) is defined on
the interval [0;1], translates into itself and belongs to
the class of primitive recursive functions [10]. Such
iterative systems are the basis of methods of mathe-
matical modeling of nonlinear processes in biology,
chemistry, physics, economics, modern financial
mathematics and other subject areas [12]. In general,
1-D maps are similar to each other in one form or
another. Abstracting from detailed consideration, it
is possible to find many common results for, at first
glance, quite different maps.

A significant number of dynamical systems are
modeled in continuous form using differential
presentation of the form:

d
ax(t) = f(x(®),

where x € R" and /- R"— R" — a function on the
phase space R". An important example of such sys-
tems are the processes of population development in
an environment with certain properties. The mathe-
matical model of such stochastic dynamical system
of population development can be represented in the
following Wright- Fisher form [13]:

dx, (t) =c- Zq:;(xg.(t)—x;(t))du
¢ €S

+5- X (11— X, (1) dt +

+ 7 % O-x, 1) do, 1),
X,(0)e[01] VS €S

This equation is reduced to an iterative form which
will have the following form:

X, (N+1)=x,(n) +
+e- Z q(i, (X (n) = x, (n) +
¢ €S

+8- X (N)A-x,(n) +

+7 X (ML=x, () w(n)

Obtained iterative equation has a rather
complex form. The behavior of such a dynamical
system largely depends on the wvalues of the
constants ¢, s, v, S, q(i,j), properties of the environ-
ment X(t), characteristics of genetic code change of
the population ws(t) and its drift. As a process ws(t)
in the Wright-Fisher model it is considered Wiener
processes, such as Brownian motion or geometric
Brownian motion, which is positive everywhere and
has a log-normal distribution law. It is proved that in
the most general form such a dynamical system is
described by a random process which is a
martingale. Fundamental study of cyclic fixed points
and their trajectories of such dynamical systems
requires possession of detailed information on the
same characteristics of their components. The
logistics component can be replaced by any other
congruent, i.e. topologically equivalent nonlinear
function. The class of such simple functions includes
sin(nx), the square root of sin(mx) and the square root
of logistic map due to the fact that they well
approximate logistic map, however the values of
such functions are irrational numbers in processes of
recursive iterations. Such a set of intermediate
values of recursive calculations in computer
modeling processes leads to automatic rounding of
intermediate values, which causes the appearance of
chaotic components of another nature, which
necessitates a more accurate analysis of the
processes of their occurrence. Wright-Fisher model
can relatively easy be adapted to dynamical
processes models in stock markets, modern
medicine, cloud technology analysis in semantic
database theory and machine learning theory.

Thus, the study of cyclic trajectories of maps
fixed points in the field of their definition, analysis
of the trajectories structure in order to find self-
similar components of a certain degree and search of
their distribution laws compose a set of current
mathematical problems. Another class of problems
is related to the development of methods for fractal
measure estimation and the formation of information
in systems based on information about the structure
of their cyclic trajectories.

1. Methods of structural analysis of cyclic
trajectories for nonlinear dynamical systems

Results of dynamical systems studies depend on
the properties of parameters that characterize their
mapping in the form of their parameters. Systems
can depend on many parameters, but the results of
analysis and research of dynamical systems based on
one-dimensional maps can be applied to a wide
range of complex dynamical systems. Nonlinear
maps of the following classes are considered:
«Tent», «Asymmetric tent», «Discontinuous tent»,
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«Sawtooth», «Logistic map», «Square root logistic
map», «Sine map» and a «Multiplicative order
map». Such choice of maps is subjected to the fact
that some classes of complex maps can be
considered as functions of certain combinations of
these maps. In addition, between these nonlinear
maps occure some dependencies that are a source of
important information about the relationships
between classes of primes used in discrete logarithm
theory, in methods of efficient design of generators
for pseudorandom sequence generation, and in
number theory [6,7].

Consider «Multiplicative order map» and the
basis a, which is greater than 1 and is not a square of
a natural number. In this case, the cyclic trajectory
determined by the following recursion Xx¢=1,
Xnr1=axn(mod p) can be considered as an algebraic
dynamical system whose behavior on the set of
prime numbers p has enough complex trajectory,
provided that p is a large number. It should be noted
that if a is a primitive root of the prime number p
then the length of the trajectory is equal to p-1. In
addition, each prime number according to the Euler
function has corresponding number of primitive
roots. Primitive root set for a given prime number p
allows to create recursive sequences of length p-1,
which are permutations of one and the same set of
natural numbers from 2 to p-1. If the value of each
recursion is divided by the number p then we obtain
a normalized sequence of rational numbers, which in
this form can be used in comparative analysis with
the structures of the trajectories of other maps in the
interval (0,1). Given map is associated with a group
of residues (Z/pz)” modulo p. If a — a primitive root
of a prime number p, it is quite easy to prove that a
is a generating element of this group, and corre-
sponding iterative  process  determines the
permutation on the set {1,2,3.4,...,p-1}, which forms
a cyclic subgroup of permutations of the order p for
complete permutation group on this set. This simple
fact is an important basis to state that such a group
cannot have a chaotic structure. This statement can
be demonstrated by the example of when p=19 and
all six primitive roots {2,3,10,13,14,15} and
(19 -1) = p(2-3%) . For this set of primitive roots
on the basis of iterative procedure the following
permutations are received:

Table 1.
p=19 and its primitive roots

3 4 3 ] 7 8 g o ir F2 13 14 15 Ié I7 I8 9
2 4 & |16 13 (7 [14 9 18 (17 15 (11 |3 6 [12]5 10
3 9

2 |5 157 [2 @6 18 (16 10|11 |14 4 |12]17 13

13 17 |12 | 4 14 |11 |10 16 |18 |6 2 7 15 35 8 o 3

id

ri 4.
1 1
1 1
o1 1w 3 12 | 6 3 11|15 17 |18 |9 14 | 7 13 16 |8 4 2 1
1 1
1 14 6 & |11 10 (7 [3 4 18 [ 5 131112 9 [12]|16 15 1
1 1

is 15 16 |12 |9 2 11 (13 3 18 | 4 3 7 10 17 (8 ] 14

From the given example it follows that for p=19 a
well-defined structure of permutations is traced. It is
proved that for any prime number of arbitrarily large
dimension on the set of all primitive roots a certain
structure is formed. This structure is defined by an

. . k !
expansion on prime factors: p—1= l_L:1 P, .Ina

given example p=19and p-1=2-3°. The
influence of factors 2 and 3 can be seen from Table
1. Thus, the above sequence has a well-defined
structure, which does not allow to consider it as a
chaotic system. Therefore, algebraic dynamical
systems are reduced to a standard form, which
allows you to create methods of trajectory analysis
based on methods common to different
mathematical forms of maps.

In work [8] it was proved that on the basis of
non-normalized algebraic sequences it is possible to
create a fundamental classification of prime numbers
and each natural number a that is not equal to +/-1 is
a unique classifier of the set of all primes. In addi-
tion, in work [10] proved that «Symmetric tent» with
the parameter a, which is given by the recursive
function gi(x) under the initial condition that xo=1/p
creates a cyclic trajectory whose length cardgi(p)
coincides with the length of the cyclic trajectory for
a prime number p for «Multiplicative order map».

Consider the map gs(x), which has a discontinu-
ity point, i.e. it can be considered as «Discontinuous
tent» with the point x=1/2. However, the discontinu-
ity point can take other values. In works [13,14] it
was proved that on the set of numbers xo=1/p this
map has cyclic trajectories with length cardgs(1/p),
that in the general case does not divide (p-1), despite
the fact that the map can be attributed to
«Discontinuous tent» class. Dynamic properties of
this map indicate that the lack of information about
the properties of cyclic trajectories can lead to its
incorrect use in the approximation of such compo-
nents of complex dynamical systems. This fact is
important even when analyzing fixed points of abso-
lute form. This is supported by the behavior of tent
map at the point x=0.666. In the general case, the
map can have a significant number of such fixed
points and if their location is not taken into consid-
eration, the lack of information about such points
can lead to errors in the simulation process. These
facts suggest that modeling of such dynamic sys-
tems, population development must have fairly accu-
rate information about the properties of all compo-
nents of the mathematical model. Note, that the

point x=0.666 does not move at all, i.e.
f"(x)= f(x)is a fixed point of map f. This means

that if the system reaches the point X at any mo-
ment, it will remain there.
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In paper [14] a partial set of abovementioned
maps was presented and analyzed in accordance to
their cyclic trajectories behavior. Control of dynamic
systems that have constituent components of nonlin-
ear type cause their difficult behavior. At the same
time, it is necessary to note that in logistic map all
values of iterations are rational numbers. Other maps
are similar in a topological sense, however there are
problems that all intermediate values are usually real
numbers that are not rational numbers. In case of
computer modeling intermediate values are automat-
ically rounded, which indicates that in such cases the
behavior of the dynamic system will occur with
other laws whose study is relevant.

Conclusion

As a result of the analysis of various approach-
es to the formation of pseudorandom sequences, it
was established how the choice of initial conditions
affects the structure of formed sequences. If the
length of the sequence period corresponds to the
dimension of the selected prime number, then such a
sequence is more chaotic. In contrast, it was found
that under any circumstances, the existence of fixed
points in the selected nonlinear dynamic system does
not create chaos, but unambiguously determines the
existence of a stable structure with a fixed cycle
length. Applied value of these studies is that for
reliable methods of pseudorandomness generation,
nonlinear maps that generate sequences with fewer
similar internal structures and shorter lengths of
these sequences should be considered for further
combination and mixing.
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AHAJII3 CTPYKTYP ®PAKTAJIBHUX TA XAOTHYHUX KOMIIOHEHT OUKJITYHUX
TPAEKTOPIA HEJIHIMHUX KOHI'PYEHTHUX JUHAMIYHUX CUCTEM

I'. M. Boctpos, A. O. XpiHeHKko
leparcasnuii ynieepcumem « O0ecbka nOaimexHiKay

Anomauia. Memoio 0anoi pobomu AIAEMbCS CMBOPEHHI MAMEMAMUYHUX OCHO8 AHALI3Y NOBEOIHKU
ma CMpYyKmyp YUKIidHUX mpackmopii CKAIAOHUX OUHAMIYHUX CUCTeM, AK WlAx 0o oemepMinayii xaocy 8
HENIHIUHUX CTMOXACMUYHUX OUHAMIYHUX cucmemax piznoi mipu ckaaonocmi. Ocobauso 8ajiciueo GUs8UMU
CMPYKmMypy XAOMUYHUX NPOYECi8 MPAEKMOPItl YUKATUHUX HEPYXOMUX MOHOK HAO GeUKOI O0BIHCUHU, SKI GU-
SHAUAIOMbCSL YUCTAMU WO Maiomb eueisio 1/p, de p — npocme wucno. AHaniz makux mpackmopit 8axiCIueul
nO Mill NPUYUHI, WO CIMPYKIMYPU MPAEKMOPIL 051 NOYAMKOBUX 3HAYEHb /M, 0e N ma m AGIAIOMbC CKAA0-
HUMU YUCTAMU, MONCe MAMU 308CIM THW 6AACMUBOCTI YUKTIYHUX MPAEKMOPIN Hepyxomux moyox. llpu
YbOMY 8 NepuioMy UNAOK)Y HA OCHOBI Meopii Yucen MOJNCHA AHATIMUYHO ONUCYBAMU BILACMUBOCHT MPAEK-
mOpiti AKi 8UHAYAIOMBCA NOYAMKOBUMU YMOBAMU 3 NPOCUMU YUCIAMU 3d OONOMO20I0 (DYHKYIOHATbHUX
81000padicerb, SKI CMBOPIOIOMbCA HA OCHOGI meopii epyn. [ncmpymenmom mipu CKAIaOHOCMI MpacKmopil
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MOdICHA 8adicamu enmponito. Memoou o0uucienHs pisHuYi Midc eHMpOniclo 00 anaizy CMpyKmypu Yurii-
YHUX MPAEKMOPIlI HEPYXOMUX MOYOK Ma eHMPONIEI0 NICaA BUOLLEHHS il CMPYKMYPU MONCHA PO3210amU 5K
npoyec OMmpUMaHHA HOBOI IHpOpMayii CMOCOBHO XA0CY 68 YUKATUHUX MPAEKMOPISAX HEAHIUHUX OUHAMIYHUX
cucmem. Mamemamuuna meopis imepayiiHux 6i000pANCEHb 8 342ANbHOMY SUNAOKY 8IOHOCUMBCS 00 Meopii
PEKYPCUBHUX (DYHKYIL, meopii OUHAMIYHUX cucmeM, meopii oughepenyilinux pieHAHb ma 2AUO0KO NO8 'A3aHA 3
cyuacrHoro meopicio xaocy. Ilokazano, wo OuHamiyHi cucmemu MONXCYyMb 3aiexcamu 6i0 0azamvox
napamempie ma Mamu CKAa0Hy Mamemamuuny Gopmy, npome ii ModcHa npedcmasumu K QyHKYio 6i0
NeBHOI MHOJCUHU BIOHOCHO NPOCMUX B8I000PAdICeHb, SKI ABMAIOMbCL MOOENIMU  BIOHOCHO NPOCHUX
OunamiyHux cucmem. Misxx npugedeHumu 8i000PANHCEHHAMU Y POOOMS ICHYIOMb 3ANE€HCHOCHI, AKI ABNIAIOMbCS
0oicepenom 8adNcau8oi iHgopmayii Cmoco8Ho 63AEMO0IT MIdC IXHIMU YUKATUHUMU MPAEKMOPIAMU HEPYXOMUX
mouok npu nouamxogux ymogax x(0)=I1/p ma xracamu npocmux uucen, sKi UKOPUCIOBVIOMbCA 8 Meopii
OUCKpemHO20 102apuma, 8 memooax nooyoosu ehexmusHux ceHepamopis nce8008UNRAOKOBUX YUcell Md 8
camiti meopii uuces.
Knrouoei cnosa: ounamiuni cucmemu, 6i000padicerts, UNAOKOBICMb, MPAEKMOPIL, XAOMUYHI NPOYECHU.

AHAJIN3 CTPYKTYP ®PAKTAJIbHBIX U XAOTUYECKUX KOMIOHEHT HUKJIMYECKHUX
TPAEKTOPUU HEJIMHEUHBIX KOHI'PYSHTHBIX JMHAMUYECKNUX CUCTEM

I'. H. Boctpos, A. O. XpuHeHKO
T'ocyoapcmeennuuii ynugepcumem « Ooecckas nOIumexHuxkay

Annomauus. B oannou pabome paccmompenvt npoyeccol 8 HEIUHEHbIX 0OMOOPAdICEHUAX, KOMOpble A6-
JIAIOMCA NPUMEPAMU OUHAMUYECKUX CUCmeM. AHanu3upys ounamudecKue cucmembyl, 8ad4CHO NPUHUMAMb 60
BHUMAHUE U AHATUSUPOBAMb CEOUCMEA UMEPAYUOHHBIX QYHKYUL, KOmopble onpeoeniiom OIUHY umepayu-
oHHo2o npoyecca. Tloxazano, 4mo He MoabKoO c8oUCMEa QYHKYUL, a U C8OUCMEa Yucen us ooracmu onpeoe-
JIeHUs QYHKYUL 6IUAIOM HA NOGEOeHUe HEUHEUNBIX OMOOPANCEHU.

Kniouegvie cnoea: ounamuueckue cucmemvl, 0moOPadceHus, CIy4auHOCmy, MpaeKmopuu, xaomuye-
cKue npoyecchyl.
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