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Abstract. It is proved that modern methods of analytical number theory do not allow obtaining
estimates for generalized Artin constants. A method for calculating Artin’s constants is developed and the
convergence of the estimates of the constants in probability to the limiting values is established. The basic
principles of the number-theoretic analysis of Artin’s constants and related classes are formulated.
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Introduction

The solution of many problems associated with
the theory of dynamical systems, with methods of
modeling information security processes in the
analysis and processing of complexly organized
multidimensional data in various areas of applied
mathematics depends on the solution of a significant
number of problems of pure mathematics that have
not yet been solved. Artin’s hypothesis of primitive
roots is one of such fundamental mathematical
problems. For almost a century, it has not been
resolved. Some of the results obtained by various
researchers are interesting, but they are far from
being brought to such a level that would allow
improving methods for solving the discrete
logarithm problem, developing effective algorithms
for modern cryptography, constructing methods for
creating  pseudo-random  number  generators,
developing the theory of modeling algebraic
dynamical systems, creating methods of analysis and
processing. complex data. The most important is that
the solution of this problem would allow a deeper
study and study of the variety of relations between
natural and prime numbers.

The study of Artin’s hypothesis is important for
the study of the relationship between the properties
of natural numbers other than zero and plus or minus
one, and the properties of the classes of primes
generated by recursive mappings based on Fermat's
little theorem [1,2,3]. Another topical applied
problem is the modeling of self-organizing nonlinear
dynamical systems, which are usually called
synergetic, taking into account the deep modeling of
the phenomena of self-organization in complex
systems consisting of sequences of transitions from
one phase state to another using random number
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generators with a given
distribution [3].

Numerical sequences of recursive models of
cyclic fixed points of dynamical systems are
determined by the properties of primes, which are
used to study their behavior under the initial
conditions x(0)=1/p, where p is a prime number.
In this case, it is necessary to know the distribution
law of prime numbers. Riemann in 1869 proposed
the zeta function:

law of probability

where s is a complex variable, P is the set of all
primes [1,2]. A hypothesis was formed regarding
this Riemann function, according to which all non-
trivial zeros of this function are on the line 1/2 +iy,

where i =+/~1 and y € R. This does not mean that
all primes lie on this line since y — takes values
from the set of real numbers, and it is not known
whether it includes at least one prime number from
the set P . At the same time, no prime number p is

known for which the equality £(1/2+ip)=0 would

be satisfied. Billions of non-trivial zeros have been
calculated, but there are no prime numbers among
them. Yet the distribution law of prime numbers was
found on the basis of the Riemann zeta function.

In 1896, independently of each other, Hadamard
and de la Vallée-Poussin proved that equality is true:

ﬂ(x):il%+0(x-e‘° '”X) (1)

where 7z(x) is the number of primes p <x, and the
first term in the form of a logarithmic smooth
function determines the logarithmic law of
distribution of primes in asymptotic form. However,
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this information is not enough to determine whether
the prime number x, due to the simple fact that the
logarithmic law does not follow the answer to the
guestion: this number x is prime or composite.
Moreover, even if x is a prime number, n(x) does

not necessarily have to be its number in the ordered
sequence of all primes. Enumeration of primes with
given properties is an even more difficult task [1,2].
When solving many both applied and mathematical
problems, it becomes necessary to use large arrays
of primes with specified properties. An expressive
example of such a set is the set of all primes for
which a given number a is the primitive root. The
construction of such sets is a very difficult problem
in modern number theory.

One of the directions of deepening the
logarithmic law of distribution of primes was the
formulation in 1927 by the French mathematician
Artin of the hypothesis about primitive roots of
primes p e P, and, accordingly, primitive roots of

residue groups (Z/pZ) modulo a prime number
p [4,5,6,7].

Consider the definition of a primitive root of a
prime number p. The number a=1 and a=k? is
the primitive (antiderivative) root of the number p,
if the following relations are true:

a”* =1(mod p)
Pl )
a" #1(modp), n>1

k
and n is a divisor of p—1=] p{ . Checking this
i=1
condition for large primes, and especially if k is
also large, is computationally intensive. It is much
easier to use the following theorem:
Theorem 1. The number a is the primitive root
of the prime number p if and only if the condition is

satisfied:
a(p-1
2O (p-1moa p
assuming that in x(n+1)=ax(n)mod p) recursion
the value p-1 appears for the first time at

(p—1)/2 calculation step.

The validity of the theorem obviously follows
from the fact that condition
x(n)-x(p—1-n)=1(mod p) is always satisfied in
the above recursion. The application of this theorem
greatly simplifies the verification of the fact that the
number a is the primitive root of the given prime
number p.

Taking into account the definition of a primitive
root, Artin’s hypothesis has the form:

z(x,a)=c(a)- z(x)
where 7(x,a) is the number of primes p less than
or equal for which a=+1 and a # k are, according
to (1), their primitive roots, c(a) is Artin’s constant.

More precisely, this hypothesis should be presented
as follows:

{ﬂ(X, a)=c(a, x)- z(x), )

Inc(a,x)=c(a), x—ow

But then c(a, x):ﬂ
7(x,a,x)

probability to c(a), and therefore has a probabilistic
interpretation: c(a) is the probability of choosing a
prime number P from the set p such that a is its

primitive root. Note that the first relation in (3) is
always satisfied according to Fermat’s little theorem

[1].
It should be noted that Artin offered his
estimates for c(a) at a=2. But as was proved by

Hooley [5], these estimates are not true. He also
proved the validity of the ratio:

It should be noted that Artin offered his
estimates for c(a) at a=2. But as was proved by
Hooley [5], these estimates are not true. He also
proved the validity of the ratio:

In In(x
(In(x)y

a(x2)= 2% O(x
with c(2):H(1—p(+_l)j, and the estimate is

also converges in

In x
peP

c(2)=0,373955813 ... As will be shown later, this
estimate is correct only with the precision of the first
two decimal places. In addition, this expression
assumes that the entire set of primes is always used
to calculate c(2), which, as will be shown, is
completely wrong, due to the fact that the process of
forming Artin’s constants has a completely different
law of their formation.

It should be noted that any number a >1 and is
relatively prime with p is the basis for considering

a recursive function f(x)=a-x(mod p), which
results in a recursive iterative sequence.

f (XO :1):1 ! f (Xn+l) = Xn+1 = aXn (md p) (4)

According to Fermat’s theorem [1,2], if a is
not a primitive root for p, then the process of
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recursive computations will continue for such m,
for which the equality
f(x, =m)=x,_, -a(mod p)=1 will be achieved, i.e.

m

a™ =x,(mod p) and m< p-1 (5)

From Fermat’s theorem and the properties of the
(z/pzZ)" coset group over the ring of integers
modulo a prime number p or the properties of the

cyclic Galois group Fg isomorphic to it modulo p

of residues over a finite field [1,2], it follows that in
this case a is a generating element of some

subgroups of group (Z/ pZ)* or group F;
respectively. Moreover (5), m is the order of this
subgroup, which is usually denoted card,(p), and

the number of cosets for this subgroup is denoted by
ind,(p). According to the theorem on the cyclic

group F; , in this case, the equality always holds:

p—1=card,(p)-ind,(p) (6)

It follows from the above analysis that equation
(6) allows us to investigate Artin’s hypothesis from
a more general point of view, when any natural
number a>1 can be used as a classifier of the set of
all primes by value ind,(p), which is the object of

further research. As will be established, Artin’s
primitive root conjecture is a frequent case of its
more general formulation.

1. Analysis of the analytical asymptotic
method for solving the classical Artin
hypothesis

The first attempts to solve Artin’s problem are
of a number-theoretic nature based on analytical
number theory. First of all, it should be noted that
they are based on the assumption that the
generalized Riemann hypothesis based on the
Dedekind zeta function is correct. This does not take
into account all the variety of relationships between
integers, which can be primitive roots, and the set of
all primes for which the selected integer is the
primitive root. The importance of this assumption
lies in the fact that it is assumed that the Dedekind
zeta function takes into account all the many options
for the dependence of the formation of classes of all
primes for a given number a on its properties,
which are described by decomposing it into prime
factors. It should be noted that although the
definition of the Dedekind zeta function based on
the theory of ideals is based on the Galois theory,
this dependence cannot be revealed by analytical
methods for a simple reason. The norm of an ideal is
uniquely determined, but it is a function of the

coefficients of polynomials over the Galois field,
and the roots do not have an unambiguous
representation according to the theory of Kummer’s
circular fields [1,2]. In addition, only primitive roots
of prime numbers are taken into account and the
generating elements of the subgroups of the cyclic

residue group F; , as well as their properties, are not

taken into account. At the same time, information
about their properties is important, if only because
we get new information about the structure of the
residue group modulo a prime number p. From the

point of view of the mathematical theory of
information technologies and the theory of entropy,
there is an incompleteness of information, which
leads to inaccurate and incorrect estimates of the
Artin coefficients even for primitive roots and does
not allow taking into account the processes of
influence of the generating elements of the cyclic

group F;. This simple fact led to the fact that the

Artin coefficient ¢(2) in the Hooley method depends

on all primes, the incorrectness of such an estimate
is obvious due to the fact that this constant must
depend on the primes p for which it is an

antiderivative root and nothing more. As will be
shown later, in fact, Artin’s constants c(a,i,x) with

a i index greater than or equal to one on any
sufficiently large interval of consecutive primes
depend on a significant number of factors, the nature
of which has not been investigated in number theory.

Probabilistic methods  for  estimating
generalized Artin constants based on computer
modeling will be considered as another model for
solving this problem and as a generalization of
Artin’s original hypothesis. The creation of this
approach was preceded for a long time by the
analysis of the method for its solution by the English
mathematician H. Holly, who published in the
article [4] and then re-presented for the particular
case a =2 in the monograph [5]. First of all, let’s
pay attention to the attitude of well-known
specialists in the field of number theory to this
solution. The Soviet and American mathematician
Yu. I. Manin in his monograph [2] unambiguously
asserts that Artin’s conjecture has not been proven
and is rather complicated. The same position is taken
by such well-known mathematicians as Cohen [6],
Rosen [7], Moree [8] and others, but at the same
time C. Pomerance in the monograph [1] notes that
this problem was solved by Ch. Hooley and the
solution is given in work [4]. Due to this ambiguity
in the attitude to the work of Ch. Hooley and the
importance of solving it both from a theoretical and
applied point of view, let us dwell on the works of
Ch. Hooley [4] in more detail.
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Note that the Riemann zeta function (1) was
used to prove the logarithmic distribution law of
prime numbers (2), but the Riemann hypothesis on
the distribution of nontrivial zeros of the zeta
function was not used in any way. Ch. Hooley in [4]
and monograph [5] uses the Dedekind zeta function
over Galois fields. At the same time, the author
assumes that the hypothesis is valid:

Hypothesis. The real part S of each complex

zero p=/L+iy of the Dedekind zeta function is
1/2 for any Galois field of type Q.

This assumption is in complexity equivalent to
the millennium Riemann hypothesis, i.e. the
millennium hypothesis that as presented this
assumption is highly restrictive. The theorem proved
by the author has the form:

Theorem 2. If we assume the validity of the
Riemann hypothesis for zeta functions of Galois

fields of type Q(k\l/TK/i) where k is a squarefree
number and they are coprime numbers k, |k then

we have:
a) for any a=0&+1 and other than an exact

square, let N,(x) denote the number of primes
p <X, for each of which a is the primitive root of
mod p, let also a, be the square-free part of a, let

h be the largest integer such that a is h-th power of
an integer and let:

-0 T
Then, if a, #1(mod 4), we have:

Na(X)=c(h)ﬁ+O[Xln In x)

In? x

at x — oo, if a, =1(mod 4), we have:

Na (0 =c(h)- (- u(a,])

gh 42
alay
1 X xInIn x
‘Hz—‘—m( 2 j
gh 4°—q-1 Inx In® x
alhy
at X —> 0.

b) If a=0,£1 is not an exact square, then there
are an infinite number of primes p for which a is
the primitive root of mod p.

The proof of this theorem given in the first
article is difficult to recognize as irreproachable and
even correct for a number of reasons. The author
refers to the theory of indices without highlighting

those properties of indices that allow the existence
of a residue a of degree g modulo a prime number
p , while a is considered as an antiderivative root for

other primes, but this condition is not satisfied for a
given prime number p, then is and is the generating

element of the group F;. This means that there can
be several equations:

Y, =a(mod p)

with different g which are divisors of p—1 and

such a variety of equations is not taken into account
in the work. The author did not use the theory of
indices correctly, since in such cases it is necessary
to take into account the variety of equations of this
kind in the analysis given by the author. But in this
case, there may be several variants of estimates
constructed by the author, and at the same time it is
difficult to take into account their influence on the
developed theory. Moreover, there are potentially
infinitely many such cases for each a, and there is no
effective algorithm, a method that would take into
account their influence on the calculation of
constants based on the Dedekind zeta function and
the influence of these estimates on subsequent
conclusions.

In monograph [5], the author corrected the
analysis and repeats the proof only under the
assumption a =2 and the theorem has the following
formulation:

Theorem 3 (Hooley Ch.). If we assume that the
extended Riemann hypothesis is valid for the
Dedekind zeta functions over Galois fields and

Kummer circular fields of type Q(WK/E) where k

is a squarefree number, then:
a) Let N,(x) be the number of primes p not

exceeding x, for which 2 is the primitive root
modulo p. Then:

NZ(X)_C-ero(xln In x]

In? x

o~T1[+ g

b) There are infinitely many primes p for
which 2 is the primitive root modulo p.

In proving this theorem, the author states:
“Index theory shows that for p#2 and any

prime divisor q of p-1, the comparison is
resolvable:

v® =2(mod p)
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is equivalent to the divisibility of the index of the
number 2 (in any base) by ¢. Thus, we have a

criterion, for each 2 is an antiderivative root modulo
p if and only if p=2, and there is no such prime

divisor g of p—1 for which 2 is a residue of q
modulo p”. Based on the above analysis,

verification of this condition cannot be performed
without analyzing the behavior of the Dedekind zeta
function, which is excluded by the given rating
system.

A comparative analysis of these two theorems
suggests that the author has come to the conclusion
that the first theorem is not perfect. It is obvious that
for the a =2 case of the expression:

o )

alh q9-1/qn

I g)

do not match. According to Hooley’s work, h is the
maximum positive integer for which a is the h-th
power of an integer modulo p. Analysis of the

expression ¢(2) and the results obtained below allow

us to assert that this Artin constant, like all other
c(a) for any other values of a, is actually formed in

accordance with completely different laws.

Now let’s pay attention to several facts that
follow from Hooley’s theorems and the results of
estimating the generalized Artin constants given in
the table. Hooley’s score starting at the third decimal
place is different from the exact score obtained from
computer simulations. It should be noted that the
basis of any method for checking whether the
number a is the primitive root of a prime number
p or the generating element of the subgroup of the

residue group (Z/pZ)* modulo p is a recursive

function, which is always determined by the iterative
sequence (4). If a natural number a is given, which
is different from =1 and a perfect square, and a
prime number p, then the length of recursion (4) in

the general case can be determined only as a result
of calculations in accordance with this expression.
Based on this remark, we can conclude that for
different values of the number a for the same prime
number p, the values of the length of the recursive
sequence (4) may differ significantly. The existing
information technologies for the analysis of the
command of all (a, p) pairs are not reflected in the
generalized Dedekind zeta function. Therefore, the
estimate of the Artin constant for a in the case when
a=2, obtained by analytical methods, can be

considered as a value asymptotically close to a value
that is not an absolute constant. As will be shown
below, Artin’s constants fluctuate on the entire
infinite set of primes around a certain value for each
a, but these fluctuations have values of the order of
the fifth decimal place and they are natural due to
the fact that the distribution of primes has a complex
irregular structure with elements of randomness. An
estimate of the behavior of constants on the entire
set of (a, p) pairs, which is infinite both in a and

p, does not reflect the entire possible variety of

values.

From the table below, we can conclude that
there is a wide variety of Artin constants. Hooley’s
theorems not only do not allow obtaining their
estimates, but also do not provide information about
their values and the dependence of these values on
the properties of primitive roots determined by
decomposition into prime factors or their
representation in the form a=4k +1 or a=4k +3
as proposed by Chebyshev [1,2]. Natural numbers n
other than +1 are most interesting to consider as
classifiers of the set of prime numbers, according to
the wvalue of the index determined from
expression (6). In this case, perfect squares of
natural numbers are the carrier of important
information about primes.

In addition to the above problems related to the
solution of Artin’s conjecture by analytical methods,
much more complex problems arise when it is
necessary to investigate the dynamic properties of
the behavior of generating elements of subgroups of

F;‘. In this case, one should take into account the
existence of subgroups of different orders in such
groups. Moreover, the orders of all subgroups of

these cyclic groups depend on the structure of the
decomposition of p-1 into prime factors. The

transition from one prime number to the next prime
number p”~ usually leads to unforeseen changes in
the structure of decomposition into prime factors
p —1. The Dedekind zeta function does not

contain information about the structure of the F;

subgroups for all primes. There is only one way to
study and estimate Artin's constants for the whole
variety of subgroups including the group itself is to
use the recursion x(n+1)=a-x(n)mod p) with the
initial  condition  x(0)=1, under which, in
accordance with Fermat's little theorem, for each
prime number p, the recursion length and its index

will be calculated in accordance with the
formula (6). Considering large arrays of sequential
primes, we obtain a set of statistical data that will be
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the basis for the application of modern
randomization methods in the analysis of the
statistical properties of the analyzed data
arrays [12,13,14,15].

Arrays of statistical data will make it possible to
obtain estimates of the Artin constants c(a,i,x)

based on modern randomization methods, for any
values of a and index i, for sufficiently large
values of x, which determine the representativeness
of statistics. Methods for evaluating constants and
their analysis are given in the second part of this
article.

2. Modeling the processes of forming
dynamic information about the structure of
classes of prime numbers on a given basis.

Now let’s return to the logarithmic law of
distribution of primes [1,2] in order to draw attention
to the fact that the given equality does not provide
exhaustive information about the structure of the
spaces between primes. It is especially important to
have information about the distribution of smooth
primes [1]. This information is especially important
when solving the discrete logarithm problem and
applying algorithms for its solution in modern
coding theory, modern cryptography. It is known
that it is very difficult to find large smooth prime
numbers. Hence it follows that it is of considerable
interest to search for the distribution laws of prime
numbers not only with respect to their primitive
roots, but also the generating elements of subgroups
of the residue group modulo a prime number

(Z/ pZ)*. Artin’s hypothesis does not imply such

detailed research. Such tasks were not considered at
all.
The second circumstance is that simultaneously

with this fact, the dynamics of change in

x| .
O(x-e 2 } is investigated. In [7,8], the entropy

f(x)=P(x)— Li(x)

X
Li(x) = I Id_tt was estimated and was proved that it
n
2

of function where

has a fractal character. These facts are the basis for
the formation of proposals on the need to study other
models of the distribution of prime numbers. Such
proposals can be a study of the fractal structure of
the set of all primes, for which the given number is a
primitive root.

In addition, it is generally accepted, even at the
present time, that it makes sense to study it more
fundamentally. The first attempt was made by
D. Zagier [8], but not completed. The results
obtained by the author confirm the very complex

fractal behavior of this component. It follows from
this that it is necessary to significantly improve the
study of the depth of classification of primes, taking
into account all models for the formation of classes
of prime numbers for any given base a>1. Further
more detailed studies of this proposal confirm that
although the logarithmic distribution law is fulfilled,
nevertheless, complete information about the
dynamic properties of primes and their relationship
with their primitive roots remains poorly studied.
Therefore, we will further consider any values of the
base a large units.

According to Artin’s hypothesis [4,5,6], the set
of such primes has the distribution law 7z(x,a) as an

expression:
n(x,a)=c(a)- 7(x)

where 7(x) is the distribution of prime numbers,
and c(a) is a constant dependent ona . Until now,
despite numerous studies, this hypothesis has not
been resolved. However, it is not known if this is
true for any a values. If the hypothesis is correct,
then the question remains how to estimate the
constant c(a) for each concrete a and which
properties of the number a influence its value.
Answers to these questions are still missing. In
works [6,7] a detailed analysis of all the results of
research in the field of solving the Artin’s
hypothesis is given.

It should be noted that the proof of Artin’s
hypothesis is important both from a theoretical point
of view in number theory, and from an applied
rhenium point, because it’s positive solution is
important in cryptography, coding theory, and the
theory of dynamical systems. In [6], a generalized
Artin hypothesis was formed for any a>1, i.e. and
at the same time a may not be a primitive root.
According to Artin’s generalized theory, the
following equality is true:

z(x,a,i)=c(a,i)- z(x)

where a>1, i is the index of the subgroup of the
group (z/pz)" of primes in the classification of
prime numbers generated by the numbers a, c(a,i) is
a constant. According to the classification built in
[6]:

P(a,i)={p e P|(p—1)/card,(p)=i}

where card,(p) is the length of the dynamic

recursion X,.; =ax,(mod p) at x, =1, P is the set
of all primes.

It is not difficult to show that for any a>1 the
equality:
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ic(a, i)=1 (7

i=1
This means that primes are evenly distributed in
classes P(a,i) for any a. By uniformity is meant
that within each class of primes P(a,i) a

logarithmic law of the distribution of primes is
preserved. The constant c(a,i) determines the

measure of puncturing prime numbers, based on the
value a. If i =1 then a is the primitive root of all
primes P(a1). For an arbitrary natural number x,

the equality
z(x,a,i)=c(a,i,x)- z(x)

Moreover, if x — oo, then c(a,i, x) tends to the
limit value c(a,i). It should be noted already now

that the convergence is not absolute, that is, the
estimates will fluctuate around a certain constant and
the magnitude of the fluctuations potentially
converges to zero, however, for each value of a, it
has its own value, which is not precisely
computable. If we put i=1 then c(al) will be

Artin’s constant for primitive roots. In this case
az+l, and a=k?. This is true according to
Fermat’s theorem [1,2]. Wherein, a is the primitive
root of the group of residues (z/pz)" for any, such
that P(al)={peP|(p-1)/card,(p)=1}. It is
important to investigate the classes of primes P(a,i)

for i>1 since in this case the positive integer a will
be the primitive root for the subgroups of the group

(z/pz)" with the index defined by the relations:

P(a,i)={p|(p-1)/card,(p)=ind, (p)}
where ind,(p)=i is the index of the subgroup of

(z/pz)". The classes of primes P(a,i) have not yet
been studied and the distribution of primes in these
classes is not known. In [1], an assumption was
made that P(a,i) at i>1 is proportional to P(a,1)
with a factor of 1/i2 . Since i>1 is considered, in
this case it is important to know the distribution of
prime numbers for the value a=k?. This is an

important generalization of Artin’s hypothesis. At
the same time, the probability of:

P(peP(a,i))=peP||P(a,i)/|P|=c(ai)

membership agrees exactly with the provisions of
the theory of probability, and therefore, estimating
c(a,i) on the basis of successive statistical tests and

the law of large numbers is parity [9,10,11,12].

The determination of c(a,i) for any a,i using
analytical methods is unlikely in the near term.
However, the formation and development of
experimental mathematics [13,14,15] opens up
another way to solve this problem by using
computer simulation of nonlinear dynamic processes
for the formation of classes of prime numbers.

The process of modeling the distribution of
primes in classes P(al)P(L2).., P(ak).. was
reduced to choosing a set of consecutive primes
from a set of a sufficiently large sample of these
classes. The number of primes analyzed at each
interval of natural numbers was chosen to be
500,000. This choice was largely due to the fact that
it was previously established that reducing this value
leads to more significant fluctuations in estimates,
although convergence to the limit over the entire set
of any intervals, even if they are not placed
consistently, has the same character.

The process of statistical testing of peP

primes for checking their belonging to class P(a,i)

was reduced to calculating for the selected number
p the recursive procedure Xy =1,

X,,, =ax,(mod p) until the pairs ax, =1(mod p)
were reached at some step i. Then card,(p)=i and

according to Fermat’s theory and the cyclic group
theorem the number p —1 is divisible by i and then

ind,(p)=(p—1)/card,(p)=i, and therefore
peP(ai) and if i =1, then a is the primitive root
of the cyclic group (Z/pZ), and otherwise it is the
primitive root of some subgroup. At i >1, we obtain
the primitive roots of the subgroups of the (Z/pZ)’

residue group with the index i >1.

The study of the distribution law of prime
numbers P on their belonging to P(a,i) had the
character of consistent statistical tests on the set of
natural numbers containing the first 500,000 primes.
At the first stage, primes P were chosen from the

set {Py, Py oeenr Psooooo |- With this X = Peoouco -

For each ne{2,..,x}, we had to solve two
problems: check n for simplicity, and if n=peP,
then p—1 was decomposed into simple factors, i.e.

systematically solved two non-simple problems of
checking numbers for simplicity and decomposition
into simple factors. An effective algorithm for
solving them was created based on probabilistic
methods in the theory of elliptic curves.

As a result of the analyzing aef{2,.,x},

P(al)...,P(a,1) sets were obtained for some 1<x and
absolutely exact values of their powers were
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calculated, i.e. [P(al)...|P(a,1], and then estimates
of:

c(al x)=|P(a1)/z(x)... c(al, x)=|P(a,l,x)/z(x)

while c(a,1,x)—c(a,l)....c(a,l,x)—>c(a,l) with x — oo
were obtained.

At the next stage, work was also carried out for
prime numbers from the {Psyo01:+ Proooono | iNtEIVal
and the values of the c(a,1),..., c(a,1) constants were
calculated using the same scheme. At the same time
| increases.  The  {p,,.. Psoooro}  @Nd
{Psgooor + Prooooso | SEQUENCES were combined, and

the estimates of the generalized Artin constants were
again calculated and the process of their refinement
was studied on the basis of the theory of large
numbers in probability theory. This procedure
continued until x=p=179424673 and this is a ten
million prime numbers. It was found that
c(al)..., c(a,k) in probability converges to some
values, the exact values of which are irrational and
possibly transcendental numbers. In the process of
estimating the c(a,i) constants, two important
theorems were proved:

Theorem 1. For any ae{2,3,..k,...} that is not

a square, i.e. a=k? The number of non-empty
classes of primes tends to infinity at X - .
Theorem 2. For any ae{2,3,..k,...} that is not a

square, i.e. a=k? The number of prime numbers in
P(a,i) tends to infinity at x — oo

These theorems are the basis of the
convergence of a sequence of statistical tests to
marginal values. Since for any x € N it is obvious
that:

JP(a,i)==(x)
i=1
P(a,i)NP(a, j)=¢
at i= j, it follows from this that:

k

D cai)=1

i=1
and this is true for all values of X —oo. The review
[5] provides an estimate of ¢(2,1), which is
identified by c(2,1) in our sense, but c(2.1) differs
from the estimate of c(2,1) starting from the fifth

decimal place and this is a theoretical error of the
survey works.
For different ae{2356,7,81011,..}, the

behavior of the c(a,i) constants is complex group-

theoretic and number-theoretic. The study of their
dynamic properties is beyond the scope of this work.
It should be noted that the results of computer
simulation of the processes of distribution of primes
are calculated with an accuracy of the eleventh
decimal place for estimates of
c(2,1),¢(31),¢(5,1),¢(6,1),... values. This cannot be
asserted for classes by the i>2 index. To achieve
the same accuracy with i1>2, it is necessary to
significantly increase the number of prime numbers.
With an increase in the i class index P(a,i) more

than three requirements and the volume of the
analyzed primes increases in accordance with the
unexplored laws.

Probability-theoretic
constant:

interpretation of the

o(a)= z(x,a)

= yat x — o0

7(x)

Consider the probability space (Q,F,P) based

on:
Q= {a)l w, }= {pl,..., P, }z P,

Obviously at x-»>o the
7(x)—> 0, 7(x,a)— o0, but:

z(x,a)=|P(aL x), z(x)=|P(x),
P(a1, x)
NECR
And at x — oo it is obvious that:
IP(a.L x)/|P(x) - c(al),
iswhere Xxe P, P>,
P(a,i,x)={p| p<x&(p-1)/card,(p)=i},

isat x »w P(a,i,x)—P(a,i). Thus:

numbers are

c(al x)=

c(a)= lim z(x,a)/z(x),

It follows from Artin’s hypothesis that with
c(a,1) there is precisely the probability of a random
event P(al) consisting of a choice of
Q={p,,... p,...; of aprime number p for which a

is an original root of the cyclic group (Z/pZ) . To
estimate this probability, the law of large numbers
and the method of successive statistical tests were
used. The essence of the method is that the first test
group was reduced and calculated for
(DL Py Peoos ] TOr  each  ac{23,..,16}
evaluation of the values of c(a,i,x) at X = Psyom
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for all possible values of i={2,..,k,.}, that is,
¢ (a1 x)..., ¢ (a,k, x),.. was calculated on the next

iteration, the same tests were performed for the
second iteration on the set {Psyooors+ Piooooco | -

¢, (a1 x)... ¢, (a1,x),... Estimates were obtained at
the same time ¢, (a1 x)..., ¢ (ak,x)..., provided

that the first and second samples were combined and
computed values and were determined by

E(a,i,x)-C(alx)<e for all x. The main focus
was on c(al x). As a result of some iterations, it
was found that for all a the estimates obtained:

P()=1{pl p<x},
P(a,i,x)={p| p<x&(p—1)/card,(p)=if,

the order of the cyclic group of the subgroup
(z/pz). If 1=p-1, then a is an original root,
and if I<p—1 is the original form of the c(a)
Artin’s measure, c(a,i) is a measure of classes by

P(ai) in P. At that c(a,i)=|P(a,i)/|P| and at the
same time:

ic(a, i)=1forall a>1

i=1

This applies only to classes with indexes i=1.
For i>2 it is necessary to increase the number of
statistical tests. This is naturally due to the fact that
the classes P(a,i,x) for i>2 from numerical
theorems contain less than prime numbers. In [1] it
is stated that this decrease should be of the order of
1/i2 [15], but this is an erroneous assertion. This is
clearly seen from table 1. The degree of decline
essentially depends on the properties of a and
requires a separate study. Case ae{4,916,25}
requires separate investigations, because these
numbers cannot be primitive roots of that number
p, in accordance with the Fermat theorem [3]
cannot be generating elements of groups (Z/pZ) .
However, they are generating elements of the
subgroups of the group (Z/pZ)" with even indices.

All classes with odd indices are empty sets. Table 1
shows the constants for c(al) for all a except

{4,916,25} Since for these numbers the constant is

0. Full analysis of the table 1 contains over a
thousand columns. The analysis of these data is
numerically theoretical and group-specific and goes
beyond the scope.

The simulation process of the dynamics of the
formation of prime numbers was constructed on the

following assumptions. Suppose that an ordered set
of prime numbers P={p1,p2,..., pk,...} is given,
whose elements are ordered in ascending order. All
this set was split into a subset of 500,000 primes.
The number of 500,000 is due to the limitations of
MS Excel, as a statistical analysis tool, on a number
of characteristics of the process of generating prime
numbers. Only one restriction is important. We
always select 500,000 consecutive primes of the set
P . In the current version of Excel, this number can
be increased to one million. If you use a powerful
computer, you can choose a larger number instead of
a million.

The implemented version of the study of
dynamic processes for the formation of primes
includes the following indicators: the number of a
simple number in the p in the ordered set of P, the
value of a simple number of p, the value of the
recursion length of the numbers card,(p) at the
same value of a for all prime numbers P, the index
ind, (p) of the index of the class:

ind, (p) = (p-1)/card, (p)

the value of the residues modulo any natural module
n>1, for all classes and any other analytic
properties of primes or factors of the decomposition
of the number of p—1 into simple factors. For each

simple multiplier p; in the:

p-1=]]p"
i=l

decomposition, one parameter of the dynamic
process of generating primes is presented, with
separate indicators that can be analyzed for any
other indicators, the values for them are deducted by
the modulus of the natural number n>1. The only
exception is ind,(p). The number of controlled
indicators analyzed in the Excel environment can be
expanded.

According to the idea of experimental
mathematics on the first iteration, we proceed from
hypothetically known data. But it is also the basis
for obtaining experimental information on the basis
of which the analytical methods of the theory of
numbers yield an expanded representation of the
hypothesis in the form H;. It is possible that at the
same time the hypothesis can be corrected or even
rejected as not true. From the point of view of
information  technology in mathematics, the
hypothesis H; is used to develop from the point of

view of deepening the experimental mathematics of
the model of in-depth studies at the level 1, .
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The iterations process is continued until an
analytically based solution of the generated
hypothesis is obtained. Since the Artin generalized
hypothesis is considered in the paper, we present the
results of the estimation of the constant c(a,i) for

the case a=4 and i=2. The number a=4 is a
perfect square, and therefore it cannot be a primitive
root. In terms of Artin’s generalized hypothesis, this
is as interesting and important as in the case when a
is an original root.

Based on the data presented in [6], we obtained
estimates for c(a,i) for a<{23,..,32,53} and

1=12,..,10,... Itis shown that their values are stable
for class P(4,2) i.e. class with ind,(p)=2 to within

a fourth decimal place.

The estimates for the c(a,i) constants given in
table 1 have the unique i=1 property, which is that
for ae{2356710,.,1517,..,24,26,28,...,32,53}
they coincide with the accuracy of the third decimal
place.

The data in table 1 allow us to make an
important conclusion that there are many primitive
roots for which the generalized Artin constant c(a,1)

is equal to the same value 0.3739.... The generalized
Artin hypothesis for all classes P(al)..., P(a,i)..

will require additional studies based on probabilistic
computer simulation on the set of prime numbers of
data beyond the limits of the first hundred million.
The results of experimental mathematics in
table 1 of the first iteration confirm that Artin’s
hypothesis is correct. The estimates of the constants
are obtained with the accuracy of the third decimal
place.
For

the:

ae{235,..,810,.,1517,..,24,26,32,53}

ic(a,i):l

=1

And for ae{4,916,25} all c(a,2i +1)=0 and:

Zwlc(a,Zi)zl

i=1

This is due to the fact that for all a=k? this is
true because they are primitive roots of (z/pz)"

groups, but primitive roots of their subgroups with
even indices [3].

The results obtained are the basis for
constructing an analytical proof of Artin’s
hypothesis and its general form without using the
Dedekind zeta function, which will be presented in
the next works of the authors.

The c(a) ratings given in the table for the set

of primitive roots
ae{2,356,7,10,..1517,...,24,26,28,...,32,53} are
obtained for the first time based on the results of
computer simulation. The literature is known
estimation ¢(2,1), which, starting from the fourth
decimal place, is estimated analytically incorrect,
due to the fact that the formula:

c(2,1)=H[1_ﬁj

peP

is not true, because it includes all primes and among
them those primes for which a = 2 is not a primitive
root [5]. An important result is the creation of a
computer model of the process of forming classes
P(a).., P(a,i).... For any values of a>1, the

interactions between the classes Table 2 and Table 3
are investigated (as a continuation). The first
estimates were c(a,i) for i>2, and it was

established that the statement that c(a,i) is

proportional to 1/i2 is absolutely false [1].

Obtaining the results is the basis for further
deepening research on the Artin’s hypothesis using
analytical methods.

3. Dynamic properties of processes of
formation of classes of prime numbers in the
generalized Artin hypothesis

In accordance with the developed mathematical
model for the formation of classes of primes based
on the base a>1 and the calculated values of the

generalized constants c(a,i) for i>1, as a result of

computer modeling, it was established that the
generalized hypothesis is correct. Table 1 shows the
values of Artin's constants, relationships between
classes, the dynamics of the formation of classes and
its properties on the set of all primes P .

In reality, modeling of the processes of
formation of P(a,i) classes was carried out for the

ae{2,3,...,32,53} set. The numbers ae{4,9,16,25}

as squares of numbers, according to Fermat's
theorem [2], cannot be the primitive roots of peP,

and, accordingly, the residue group (Z/pZ)
modulo p. However, they are generating elements

of the subgroups of this group, and therefore they
are considered on a par with primitive roots. A
detailed analysis of their behavior can be done on
the basis of the same table 1. In this work, we will
not dwell on this problem due to the need to build an
extended model for the formation of generalized
Artin constants. In [4], the assumption was
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formulated that if the index is equal to i>2, the
probability of belonging to the corresponding class

is proportional to l/iz. A simple analysis of the

above table shows that this is completely wrong.
Particular attention was paid to the numbers

{5,13,17,29,53} due to the fact that they belong to the

class of numbers of the Chebyshev type [1,2], that
is, they have representations p=4k+1, while

peP, and the number n is a natural number.

According to Chebyshev’s assumption, the behavior
of these numbers in residue classes modulo a prime
number should be different from other primes. The
non-standard behavior of such values is not only in a
different dynamics of the formation of generalized
Artin constants, but also in the fact that the P(a,i, x)

classes are empty for some i values. This fact can
be seen in the table below. A complete analysis and
exact mathematical proof of this behavior of the

generating elements of the F, group will be

considered in subsequent works. The point is that
this property is also observed for a =4k +1 values.
An example of such behavior of classes is observed
for a=27, which does not belong to the marked
class, as can be seen from the table. This brief
analysis shows that the developed theory of classes
is much deeper than all the assumptions that have
been expressed about Artin’s hypothesis so far and
is of fundamental importance both for number
theory and for the theory of discrete logarithm,
modern theory of coding and cryptography, the

theory of constructing pseudo-random number
generators and modeling dynamic  systems
[1,2,13,14,15].

To solve the problem of modeling classes of
primes on a given base and estimating the
generalized constants of Artin c(a,i), an Excel-
based software package was created that allows you
to extend the modeling process to any natural
numbers a>1, and any set of consecutive primes
whose cardinality is a multiple of 500,000. This is
the number of primes was chosen because it is
statistically presented and provides an accurate
representation of the dynamic processes of
generating P(a, i) classes. Table 1 shows the results

of the simulation process for ae{23,.,32,53}

values. a=2 is included in this set for the reason
that one can make sure that the estimate [5,6] differs
from the exact value. The difference starts at the
third decimal place. This fact is important because
expression (7), although from an asymptotic point of
view, is close to the exact value of ¢(2),

nevertheless, it does not take into account all the
features of the formation of P(al) classes for

a=2. The number a=5 is interesting because
a=5=4-1+1 is the smallest Chebyshev number
that is most sensitive to the established fact that all
P(5,10k +5) classes for k >0 are empty. This is true
for all numbers a which are Chebyshev numbers.
The proof of this fact is of a number-theoretic
nature, and therefore, is not given.

Table 1
Table of generalized Artin constants with index i values less than or equal to 10
a P(a,1) P(a,2) P(a,3) P(a,4) P(a,5) P(a,6) P(a,7) P(a,8) P(a,9) P(a,10)
2 0,3740 | 0,2805 | 0,0664 | 0,0467 | 00189 | 0,0498 | 0,0089 | 0,0351 | 0,0074 | 0,0141
3 0,3739 | 0,2992 | 0,0666 | 0,0561 | 00190 | 0,0332 | 0,0089 | 0,0140 | 0,0074 | 0,0151
4 0 0,5609 | 0 0,935 |0 0,0997 |0 0,701 |0 0,0283
5 0,3937 | 02657 | 0,0700 | 0,0664 |0 0,0473 | 0,0094 | 0,0166 | 0,0078 | 0,0284
6 0,3741 | 0,2805 | 00665 | 0,0748 | 0,0189 | 0,0498 | 0,0089 | 0,0140 | 0,0074 | 0,0142
7 0,3741 | 02827 | 00664 | 0,684 | 00188 | 00503 | 0,0089 | 0,0170 | 0,0074 | 0,0143
8 02243 | 0,1683 | 01995 |0,0281 |00114 | 01496 | 0,0054 | 0,211 |0,0222 | 0,0085
9 0 05983 |0 01122 |0 0,0666 | 0 00281 |0 0,0303
10 | 03741 |0,2804 |0,0665 | 00713 |0,0189 | 00499 | 00089 | 00166 | 0,0074 | 0,0142
11 | 03741 |0,2813 | 0,0664 | 00695 |0,0189 | 00500 |0,0089 | 00173 |0,0074 | 0,0142
12 | 03740 | 0,2991 | 00665 | 00561 | 0,0189 | 0,0333 | 0,0090 | 0,0140 | 0,0074 | 0,0152
13 | 03764 |0,2787 |0,0670 | 00697 |0,0191 | 00495 | 0,009 | 00174 | 0,0074 | 0,0141
14 | 03739 |0,2806 |0,0665 | 00707 |0,0189 | 00498 | 00089 | 00171 |0,0074 | 0,0141
15 | 03739 |0279% |00665 | 00708 |0,0189 | 00508 |0,0089 | 00177 |0,0074 | 0,0151
16 |0 03740 |0 0,1869 |0 0,0664 | 0 0,1403 |0 0,0189
17 | 03754 | 02794 |0,0667 | 00698 |0,0190 | 00497 |0,009 | 00175 |0,0075 | 0,0141
18 | 03740 | 0,2805 | 0,0664 | 0,0467 | 0,0189 | 0,0498 | 0,0089 | 0,0350 | 0,0074 | 0,0142
19 |03739 |0,2808 |0,0665 | 00700 |0,0189 | 00499 | 00089 | 00175 |0,0074 | 0,0142
20 0,393 |072657 | 00700 |0,0664 |0 0,0472 | 0,0094 |0,0166 | 0,0078 | 0,0284
21 | 03722 | 02819 |0,0681 |0,0705 |0,0188 |00486 | 00107 | 00176 | 00076 | 0,0142
22 103740 |072805 | 00665 |0,0704 | 00189 | 00499 | 00089 |0,0174 | 0,0074 | 0,0141
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Continuation of Table 1

a P(a,1) P(a,2) P(a,3) P(a,4) P(a,5) P(a,6) P(a,7) P(a,8) P(a,9) P(a,10)
23 0,3741 | 0,2808 | 0,0664 | 00699 | 00189 | 0,0499 | 0,0089 | 0,0175 | 0,0074 | 0,0141
24 0,3740 | 0,2805 | 0,0665 | 0,0748 | 0,0189 | 0,0498 | 0,0089 | 0,0140 | 0,0074 | 0,0142
25 0 05708 | 0 0,1328 | 0 0,1015 |0 00333 |0 0,0190
26 0,3741 | 0,2805 | 0,0664 | 00702 | 0,0189 | 0,0499 | 0,0090 | 0,0174 | 0,0074 | 0,0142
27 02244 | 02244 |0,1994 |0 0,0113 | 0,0997 | 0,054 |0 0,0222 | 0,0114
28 0,3740 | 0,2828 | 0,0665 | 0,0684 | 0,0188 | 0,0503 | 0,0090 | 0,0171 | 0,0074 | 0,0143
29 0,3745 | 0,2801 | 0,0666 | 0,0700 | 0,0189 | 0,0498 | 0,0089 | 0,0176 | 0,0074 | 0,0141
30 0,3740 | 0,2805 | 0,0665 | 0,0699 | 0,0189 | 0,0499 | 0,0089 | 0,0178 | 0,0074 | 0,0142
31 0,3741 | 0,2806 | 0,0665 | 0,0701 | 0,0188 | 0,0499 | 0,0089 | 0,0175 | 0,0074 | 0,0142
32 02953 | 0,2214 | 0,0524 | 0,0369 | 0,0945 | 0,0394 | 0,0070 | 0,0277 | 0,0058 | 0,0709
53 0,3740 | 0,2804 | 0,0665 | 0,0701 | 0,0190 | 0,0498 | 0,0090 | 0,0175 | 0,0074 | 0,0142
The numbers a=8,27,32 are interesting means that, on any set of sequential primes, we

because the dynamical properties of the P(8,i)

classes are radically different from the other studied
classes. In particular, it has been established that if
a=8 is a primitive root peP then a=2 isalso a
primitive root of the same prime number.
Conversely, if a=2 is a primitive root p e P, then

a =28 will either be the same primitive root p or

peP(83). This is completely new information
about generalized Artin constants. The developed
approach made it possible to obtain fundamentally
new results in modern number theory, and, as a
consequence, in modern cryptography. You should
pay attention to a=32 for the reason that,
according to the assumption, the expected c(32,1, x)

for this number should be of the same order as
c(8,1,x), however, the estimate of this constant, as

you can see, has a completely different meaning. For
the same reason, note that the c(20,1,x) score

coincides with the ¢(20,1,x) score, but there are no
empty sets of P(29,i,x) type for i >2 The number

21=4-5+1 belongs to the class of composite
numbers, perhaps for this reason the constant
c(21,1,x) takes a different value. For these reasons,

we can conclude that it is necessary to further
develop information technologies for solving the
generalized hypothesis of Artin both on the basis of
the method of computer modeling and analytical
methods of deepening and substantiating the results
obtained. A deeper and more detailed analysis of the
estimates of Artin's constants for values of indices
greater than unity will be the subject of a separate
analysis.

Let's look at the above table from a different
theory of vision. The essence of a fundamentally
new fact is that wherever 500,000 p € P primes are

allocated sequentially for any a >1, the number of

primes in classes fluctuates within no more than 500,
which is no more than a thousandth of them. This

obtain an estimate for the Artin constants up to the
fifth decimal place. The summation of the values
over the entire set of the first ten million primes by
statistical methods made it possible to obtain
estimates of the c(a,l) constants with an accuracy of

the eighth decimal place.

It follows that the methods of computer
modeling of the processes of forming classes of
primes P(al),P(a,2).., P(ai)... and estimating the
constants c(a,1),c(a,2)..., c(a,i)... are the basis for

the development of information technologies for
solving complex problems in modern both pure and
applied mathematicians.

An interesting result is the equality of the
constants:

c(21)=c(31)=c(6,1)=c(7,1)=c(10,1)=...
=c(151)=c(17,1)...

to within one thousandth, although c¢(8,1) and c(51)

are radically different from them. On the basis of
modern number theory and the theory of random
processes, the foundations of the classification of
both prime numbers and natural numbers as their
classifiers have been created, the validity of the
developed method has been empirically proven to
create mathematical foundations for solving the
entire spectrum of problems in this area. Proofs of
the above statements can only be constructed on the
basis of empirical data obtained as a result of
computer modeling.

Conclusions

On the basis of the analysis, the processes of
forming classes of prime numbers, for any reason,
fundamentally new information technologies for
solving complex mathematical problems were
created using the methods of modern experimental
mathematics. The correctness of the developed
approach and computational efficiency are proved. A
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generalized theory of Artin's hypothesis has been
developed, for which its classical version is a very
special case. Estimates for the Artin constants for
bases greater than two are obtained, and the
statistical consistency of the estimates obtained is
proved. A detailed analysis of the classes of prime
numbers is carried out and the foundations of
effective methods of structural analysis of classes are
created. It is proved that a new method for modeling
the dynamics of the formation of classes of prime
numbers and describing their properties creates the
basis for constructing more advanced models of
generators of pseudo-random  numbers, the
development of new methods of information
protection in modern cryptography, and opens up
new opportunities for constructing models of
nonlinear dynamic systems. To estimate the values of
the generalized Artin constants, we used
randomization methods [10,11,12] and strategies for
applying the methods of experimental mathematics
[13,14,15], however, in both cases, the authors made
significant adjustments that took into account the fact
that the numbers p—1 for all primes P have a

completely different law of probability distribution
for w(p—1), which differs significantly from the

normal law of probability distribution for w(n) in the

case when n is an arbitrary composite natural
number. The w(n) function denotes the number of

different prime factors in the factorization n.
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MOJEJIOBAHHA IMTPOLECIB ®OPMYBAHHA KJIACIB ITPOCTUX YUCEJI I
OIIIHIOBAHHSI KOHCTAHT Y3AT'AJIBHEHOI I'IMTOTE3U APTIHA HA OCHOBI
AHAJITUYHOTI'O TA KOMIT'FOTEPHOT'O METO/IB IX ®OPMYBAHHS

I'. M. Boctpos, P. 10. Onsita
Heporcasnitl ynisepcumem «OQdecvia noaimexHiKay

Anomauia. Buxonano aunaniz 3anedcHocmi migc npoyecamu (QOPMYSAHHA KAACI8 NPOCMUX YUCen 8
y3azanvHeniu ecinomesi Apmina Ha ocHO6i meopii pandomizayii aneopummie IMOBIPHICHO20 Memoody i
ananimuunoi meopii yucen. Jocniodiceno UMosipHi Memoou no6yoosu Komn'romeprux mooenei hopmyeans
K1acie npocmux uucen, 8i0noGioHo 00 y3zaeanvHeHoi cinomesoio Apmina. /loeedeno, wo cyuacui memoou
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aHanimu4Hoi meopii uucen He 00360JIAI0Mb OMPUMAMU OYIHKU Y3d2anibHeHux KoHcmanm Apmina. CmeopeHo
Memoo obuucienus Koncmanm Apmina i 6cmanoeiena 30i0cHiCMb OYIiHOK KOHCMAHM 3a UMOBIPHICIIO 00
epanuunux 3nadenv. CHopmynrb08ano OCHOBHI NPUHYUNU MEOPEMUKO-YUCI08020 AHANIZY KOHCmanm Apmina
i no8'a3aHuMU 3 HUMU KIACaMU.

Piwenns bacamvox npobiem nog'sa3anux 3 meopiero OUHAMIYHUX CUCEM, 3 MemoOamMu MOOeTI08AHHS
npoyecie 3axucmy iHopmayii npu aHanizi i 06podYi CKIAOHO OpP2aHi308aHUX 0A2AMOBUMIPHUX OAHUX 8
PIBHUX 001ACMAX NPUKIAOHOT MAMEMAMUKU 3A1eHCUMb 6i0 DIUEHHS 3HAUHOI KilbKOCmi npooiem Yucmoi
Mamemamuxu, Ki 00 cux nip ne supiweni. I inomesza Apmina npo nepg8icHux KoOpeHsx 8i0HOCUMbCS 00 YUCIA
MaxKux QYHOAMEHMANbHUX MamemamuyHux npobaem. Ilpomsecom matixce cmonimms 60HA He BUpiuUieHa.
Jlesiki ompumani pezyrbmamu pisHUMU OOCAIOHUKAMU YIKAGI, ale 0aneKo He 008e0eHO 00 MaKo2o DieHs,
AKUll 00360718 OU 8OOCKOHANIO8AMU MEMOOU BUPIUWEHHS NPOOIeMU OUCKDEMHO20 102apuma, po3pooasimu
ehekmueni  aneopummu  cyyacumoi  Kpunmoepaghii, 6yoysamu Memoou CMEOPEHHA  2eHepamopis
nCes00BUNAOKOBUX —YUCEN, PO36UBAU  MEOpil0  MOOENI08AHHS  An2eOpaiunux OUHAMIYHUX —CUCTEM,
CMBOpH8amu Memoou auanisy i 00poOKU CKIAOHO OP2AHI308aAHUX OAHUX.

Kniouosi cnosa: Vzacanvueni xnacu Apmina. Koncmanmu Apmina. Hmosipnocmi knacie. Cmitikicme
OYiHOK KOHCmaHm Apmina. 30ixcHicmb 3a UMOGIpHICHIO.

MOAEJIHNPOBAHMUE ITPOONECCOB ®OPMHUPOBAHUA KIIACCOB ITPOCTBIX
YHUCEJI 1 OIEHUBAHUE KOHCTAHT OBOBIIEHHOM T'MITIOTE3bI APTUHA HA
OCHOBE AHAJIMTHUYECKOI'O U KOMIIBIOTEPHOI'O METOOB UX
OOPMUPOBAHUA

I'. H. Boctpos, P. FO. Onsita
T'ocyoapcmeennuuii ynusepcumem « Ooecckas noIumexHuxkay

Annomayus. Hccnedosanvl 6eposIMHOCMHbBIE MEMOObl  NOCMPOCHUsS.  KOMHbLIOMEPHLIX  Modenell
Gopmuposans K1accos npocmulx yuces, 8 cCOomeemcmeuu ¢ 060owennotl sunome3ou Apmuna. /lokasamo,
umo coepemennblie Memoobl AHANUMUYECKOU MeopUU Yucen He N0360A10M NOLYHUMb OYeHKU 0000UeHHbIX
xkoncmanm Apmuna. Co30an Memoo 6bI4UCIeHUsI KOHCMAHM ApmuHa u yCmaHoeieHa cXxooumocms OYeHoK
KOHCMAHmM no  eeposmHocmu K npedenvHvim  sHavenusm. Copmynuposanvl OcHO8HbIE NPUHYUNDI
MeoPemuKo-4uCiI06020 AHATUIA KOHCMAHM APMUHA U CEA3AHHBIMU C HUMU KIACCAMU.

Knwuesvie cnosa: ObodOwennvie kaaccol Apmuna. Koncmanmul Apmuna. Beposmuocmu Kaaccos.
Yemoriyusocmov oyenox koncmaunm Apmuna. Cxooumocms no 8epoSmMHOCMU.
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