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BEHAVIOR OF FIXED POINT CONGRUENT PERIODIC TRAJECTORIES OF NONLINEAR
MAPS IN DYNAMICAL SYSTEMS THEORY
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Abstract. This paper considers problems that arise during number sequence generation based on non-
linear dynamical systems. Complex systems can depend on many parameters analysis and examination of
one-dimensional maps was per-formed since these maps are dynamical systems. Dependence of iterative
fixed points for nonlinear maps on the properties of functions and function domain numbers was investigat-
ed. Several approaches to randomness evaluation and, accordingly, methods for estimating the degree of
randomness of a particular sequence were considered. The properties and internal structure of sequences
obtained on the basis of nonlinear maps were also examined in accordance to their influence on the degree

of randomness.
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Introduction

The current state of development of information
technology creates the illusion that existing methods
of its application give opportunity to humanity to
solve any problem of complex dynamical system
managment for any level of complexity. This is fa-
cilitated by the well-developed idea that problems
and solving technologies for them do not largely
depend on the level of development of the mathe-
matical foundations of information theory, however
in reality the number of blind spots in the theory of
application of novel methods only increases, since
current discoveries raise more and more new ques-
tions. In this regard, the development of the theory
of dynamical systems is more relevant than ever [1].

The task of studying the structure of trajectories

of cyclic fixed points of nonlinear dynamical sys-
tems is assigned to the so-called blind spots. Accord-
ing to Sharkovskii's theorem [2], if a discrete dy-
namical system on the real line has a periodic point
of period 3, then it must have periodic points of eve-
ry other period. In general, this statement determines
that it leads to the creation of so-called chaos.
In the chaotic behavior of dynamical systems, the
slightest inaccuracy in determining the initial state of
the system increases rapidly over time and, there-
fore, forecasting becomes ineffective or even impos-
sible. Understanding of chaos becomes one of the
most important problems of our time. Solution of
this problem leads us to attempts to understand all
the variety of nonlinear phenomena and processes in
real-world aspects [3, 15].

Due to the dynamical nature of chaotic modes
and their sensitivity to the slightest oscillations, they
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provide effective control by external controlled in-
fluence. The purpose of such influence can be reali-
zation of periodic mode in system instead of chaos
or getting to the given phase space. This idea was
firstly adopted and examined in papers [4,5] and
showed its prospectiveness in both theoretical and
applied aspects till now.

Another usage of nonlinear dynamics ideas and
methods is related to the problem of signal pro-
cessing. Let’s assume that a distant and inaccessible
object is being studied, so the possibilities of re-
search are limited by the analysis of the signal com-
ing from it.

The purpose of this work is to create a mathe-
matical basis for information technology analysis of
structures of cyclic trajectories of complex dynam-
ical systems, as a way to determine chaos in nonlin-
ear stochastic dynamical systems of varying com-
plexity. It is especially important to identify the
structure of chaotic processes of trajectories of cy-
clic fixed points over a large length, which are de-
termined by numbers in form 1/p, where p is a large
prime number. The analysis of such trajectories is
important for the reason that the structures of trajec-
tories for n/m values for fixed points can be analyti-
cally represented through the properties of trajecto-
ries determined by prime numbers using functional
maps formed on the basis of group theory [8]. En-
tropy can be viewed as a tool to measure trajectory
complexity. Computation of difference between
entropy before periodic trajectories structural analy-
sis and entropy after trajectories structure examina-
tion can be seen as a process of data mining in re-
gard to measure of randomness for given dynamical
systems trajectories [9].

In this way, it will be determined whether the
obtained trajectories have a deterministic structure
and how it affects the structure on the set of integers,
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rational or real numbers. The dynamical properties
of cyclic trajectories can be thoroughly investigated
only by transformation of mathematical models into
a recursive form. The theory of recursive functions
allows to make the transition to representation of
given models in recursive form [10].

Mathematical theory of iterative maps in the
general case refers to the theory of recursive func-
tions, the theory of dynamical systems, the theory of
differential equations and is deeply related to mod-
ern chaos theory [11]. Dynamical systems use itera-
tions of the form x, — xpy 1 = f(xn), where the
function f(x) is defined on the interval [0; 1] and
translates into itself and belongs to the class of prim-
itive recursive functions.

An important example of such systems is the
process of population development in an environ-
ment with certain properties [16]. The mathematical
model of the stochastic dynamical system of popula-
tion development can be presented in Wright-Fisher
form:

dxg(t) = ¢+ Teresqer ¢ (x0(6) = xe(6) ) dt +
+s - xg(t) (1 - xf(t))dt +

+ \]}fxgr(t) (1—x:(®))dez ()
x:(0) € [0,1] VEE€S

(D

This equation is reduced to an iterative form which
has the following form.

xz(n+1) = xz(n) +
+e- Teresq(1,1) (e (n) = 2 (w) +
+s-x:(n) (1 —xg(n))-l— (2)

-I-y\]xg(n) (1 - xg(n)) w(n)

The obtained iterative equation has a complex form.
The behavior of such a dynamical system largely
depends on the wvalues of the constants
¢,s,v.S.q(i,j), of the environment properties e
xff(t), characteristics of the change in the genetic
code of the population w¢(t) and the magnitude of

its drift.
As a process wg(t) in Wright-Fisher model

Wiener processes are considered, such as Brownian
motion or geometric Brownian motion, which is
everywhere positive and has a log-normal distribu-
tion law. It is proved that in the most general form
such a dynamic system is described by a random
process which is a martingale. Fundamental study of
periodic fixed points and their trajectories of such
dynamical systems requires possession of detailed

information on the same characteristics of their
components.

It should be noted that dynamical systems given
by different mathematical maps sometimes allow to
obtain the same information. Another class of prob-
lems that is related to the development of estimation
methods of fractal measure for sets, functions, ran-
dom processes and the formation of information in
systems and control methods for dynamical systems
based on information on the structure of their cyclic
trajectories.

1. Structural analysis methods for periodic
trajectories of nonlinear dynamical systems

The results of the study of dynamical systems
depend on the properties of parameters that charac-
terize these systems. Systems can depend on many
parameters, but the results of analysis and research
of dynamical systems based on one-dimensional
maps can be applied to a wide range of complex
dynamical systems.

Consider the maps of the following classes:
«Tent», «Asymmetric tent», «Discontinuous tent»,
«Sawtoothy», "Logistic map", «Square root logistic
map», «Sine mapy, "Algebraic map". This choice of
maps is subjected to the fact that some classes of
complex maps can be considered as functions of
certain combinations of these maps. In addition,
there are relationships between these maps that are a
source of important information about the relation-
ships between classes of primes used in discrete
logarithm theory, in methods for constructing effi-
cient pseudorandom number generators and in num-
ber theory [13, 14]. The abovementioned maps are
considered as a function f (x): R — R.

Then f™(x) denotes the nth iteration of the
function f(x). Then f"(x) is n-fold composition of
the function f(x) with itself. If xo € R, then the
orbit or trajectory for Xo IS a sequence
X0, X1 = f(x0), e, Xn = f(X0), e

When dynamical systems are considered, fixed
points, cyclic fixed points and their trajectories play
an important role. Initial point x, is fixed by condi-

tion f(xp) = x,. Based on this, we can conclude
that the orbit of a fixed point is a constant sequence
Xo,Xg,Xg,.. These are such values xo that
f™(x0) = x0,n > 0, accordingly, like closed orbits,
periodic orbits are repeated: xq_xp—1, X0 ... Herein-

after, the periodic orbits will be called trajectories.
For discrete dynamical systems, several types of
fixed points can be distinguished. Suppose that x; is

a fixed point for f, then x, called an attractor or an
attractive fixed point for f. If there is a neighbor-
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hood U of a point x on the set IR with such a prop-
erty that, if the following conditions are met:
yo €U, then f™(yp) € U for all n and, moreover,
f™(vo) = xg,n = oo, Similarly, xo is defined as a
repellent or repulsive fixed point if all orbits (except
xp) leave U during iterations of function f (x).

Consider the symmetric «Tent» map g; (x) and
the algebraic map alg(x) that calculates residue
modulo prime on the basis of a that is greater than 1
and initial value xo = 1/p that defines behavior of
given maps.

2Xp,  Xp < 1/4

3
1-2x, 1>x,21/4 3

5] (xp) =

a':g (xn) = a - x,(mod p) (4)

It was proved that a number a under this condi-
tion is a classifier of the set of all prime numbers.
Assuming that cardg (1/p) represents the cyclic

trajectory length for a prime number p for map
g1(x) the following statement holds.

Statement 1. For any prime number p value of
p — 1 is always divisible by card,, (p) and its value

(p — 1)/ cardg, (p) always coincides with ind,(p)

for an algebraic map under the condition that a = 4.

The validity of this statement is proved by the
method of computer modeling, the general principle
of its construction is given in [10,11]. It follows that
symmetric tent map can be used to analyze the prop-
erties of prime numbers. At the same time, the re-
sults of the same computer modeling show that the
trajectories of algebraic map and symmetric tent
map do not coincide in their structure in case if they
are reduced to the same scale of values along the
ordinate axis.

Although the map «Sawtooth» g, (x) is consid-
ered one of the simplest examples of a nonlinear
dynamical system, it demonstrates an important
property that is inherent in more complex algebraic
maps with a =2 on prime numbers set and initial

value xo = 1/p.

2Xp,  Xp < 1/2

gz (xn) = (5)

2, -1, 1>x,21/,
Similar to statement 1, if cardg, (p) is a trajec-

tory length for map g»(x) and x, = 1/p, then the

following statement is valid.
Statement 2. For any prime number p > 3 val-

ue of p — 1 is always divisible by cardg, (p) and its

value (p — 1)/ cardg,(p) coincides with ind,(p)

for algebraic map with condition a = 2.

The validity of this statement immediately fol-
lows from the fact that the value of the numerator of
the fraction reflected in each iteration coincides with
the value of the corresponding iteration of the alge-
braic map g, (x). Thus, the map g»(x) can be used
to analyze the classification of prime numbers, the
construction of generators and complex dynamical
system modeling [9].

Consider a map g2(x) that has a point of dis-

continuity, i.e. it can be considered as discontinuous
tent at x=1/2. At the point of discontinuity

g2(1/2) = 1/2 in this model, but the discontinuity
can take place at another x values. Initial value for
this map is also xo = 1/p.

2xn,  Xp < 1/2

gs (xn) = (6)

1—xp1>x, = 1/2

It was proved that on a set of numbers
xo = 1/p given map has cyclic trajectories with

length mrdgg(l/p) that in general case does not

divide (p — 1) despite the fact that the map can be

classified as tent map modification (discontinuous
tent). The dynamical properties of this map indicate
that the lack of information about the properties of
cyclic trajectories can lead to its incorrect use in the
approximation of complex dynamical systems. This
fact suggests that in dynamical system modeling it is
necessary to have accurate information about the
properties of the components of mathematical mod-
els. This fact is important even in the analysis of
fixed points of absolute form. It is supported by tent
map behavior at the pointx, = 0.666. In the general

case, the map can have a significant number of such
fixed points and if their locations have not taken into
account the lack of information about such points
can lead to error growth during simulation
processes. These facts suggest that modeling of such
dynamic systems requires accurate information
about the properties of all components of the
mathematical model.

From this knowledge follows a crucial
question: if a fixed point, or periodic point, exists in
the considered dynamic system, given f, does it
occur with small system oscillations? In the context
of nonlinear dynamical systems, the following types
of oscillations can be distinguished:

- initial state fluctuation: "Are the behavior

and development of systems with similar
initial states similar?";
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- fluctuation of the function f: " f is defined
only approximately";

- stochastic fluctuations: “In fact, the
expression x, = f(xn_1) looks differently,
but micro-noises can be taken into account
with the help of an additional factor
xn = f(xp_1) +7(xn_1), where r(x) is a
small random increment, i.e. a small
variation of f(x,,—1).

Behavioral study of cyclic trajectories of tent
map class fixed points is an equally important task in
process of fundamental theory of complex dynam-
ical systems creation. A complete study of the attrac-
tors of this class of maps was performed in various
researches. However, there is no information about
the structure of their trajectories. It is necessary to
create methods that would allow under any circum-
stances to have detailed information about trajectory
properties.

Asymmetric tent.

An example of a map that belongs to the tent
class is an asymmetric map. It can be considered as
an extension of the standard «Tent»:

Xn
—, 0=<=x,=a
a
f(xn) 31 — Xp (7)
,a<xy, =1
1—a

The chaotic behavior for this map is shown in
Fig. 1 that represents partial trajectory of the map
with arbitrarily selected prime number. The essence
of chaos in this case is that the values periodically

approach each other, but never repeat themselves.
Asymmetric tent

X

number of iteration

Fig. 1. — Chaotic structure of asymmetric tent

Logistic map.
The logistic map is defined as follows:

f(xn) = rxn(l - xn): (8)

where © = 0 is the parameter that fixes population
growth. Logistic map demonstrates the properties of
nonlinear dynamical systems that simulate a wide
class of dynamical processes that belong to the class
of population development. It should be noted that
processes occurring at currency and stock markets,
actuarial mathematics systems and others can be
effectively modeled using logistic map. The choice
of this map as a component of the mathematical

model is associated with the problem of choosing
the value of the parameter r. It is proved that if the
value of the parameter is less than 3.6, then the lo-
gistic map simulates the processes of sustainable
development of dynamics and for larger values the
behavior of trajectories acquires more chaotic na-
ture. Especially chaotic character of cyclic trajecto-
ries is observed when approaching » = 4. Under
such conditions, it becomes extremely important to
have information about the behavior of a dynamical
system when X variable takes the value of the form
1/p where p is a prime number of significant val-
ues. The properties of trajectories in such cases have
not been studied. At least in the literature, such in-
formation is absent, although logistic map is the
subject to a wide range of studies.

Sine map.

The map f(x) =sin(mx) is very similar in
structure to the logistic map, it should be noted that
this function usually takes values from the interval
[0,1] and this function is associated with a rather
complex group that is not fully analyzed. In addi-
tion, this function usually takes irrational values,
thus in modeling of cyclic trajectories intermediate
values of the trajectories will be rounded systemati-
cally, which must be taken into account due to the
fact that it will lead to the transition to another state
of the dynamical system.

Square root logistic map.

This map is a modification of logistic map and

can be represented in next form:

f(X) = Jrxp(1—x,) )

As arule, it is used in modeling of slow processes of
genetic changes in dynamical systems. This is espe-
cially true for stock markets and the processes of
genetic code change for developing populations,
such as coronaviruses. It should be noted that in
such models the constant a takes values much

smaller than 3.6 because the processes of genetics
slow change of such dynamical systems are mod-
eled. In this case, the strategy of resource use of the
environment is systematically adapted to changes in
its resources, and therefore the study of cyclic trajec-
tories of such maps is an important task.

2. Congruence measure for given maps

Provided one-dimensional maps demonstrate
similar behavior of the corresponding nonlinear
dynamical systems. All these maps show so-called
chaotic behavior since they are sensitive to the initial
conditions. As a rule, the given maps are considered
on the interval [0,1], taking into account that the

obtained results are easily transferred to the intervals
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of any length [1,n], taking into account the signifi-

cant similarity of their structures except for algebraic
map. Algebraic map is included in the work due to
the fact that it is fundamental in modern number
theory and pseudorandom number generation meth-
ods and modern cryptography. Framework of analy-
sis of the congruence of different maps is the proof
that between the cyclic fixed points there is an un-
ambiguous correspondence at which the congruent
fixed points have the same length. Algebraic map
can be seen as a connecting link between function
theory and number theory.

Algebraic map can be seen as a tool that is the
foundation of the relationship between function the-
ory and number theory. Figure 2 shows combination
of logistic, tent and sine map on the interval (0,1).
Analysis of these maps leads to the conclusion that
their periodic fixed points are different, but the
length of their periodic trajectories can be the same
value. Such fixed periodic points can then be con-
sidered as topologically equivalent or congruent. It
is necessary to take into account that the structures
of their trajectories will be different. Such properties
of cyclic fixed points must be taken into account
when analyzing the behavior of dynamical systems
that are a function of such maps. Therefore, proving
the congruence of such maps is an important part of
the development of information technology in the
theory of dynamical systems.

Y

Q
0.00 0.05 0.10 0.15 0.20 0.25 0.20 0.35 0.40 0.45 0.50 0.55 0.60 0.65 0.70 0.75 0.80 0.85 0.0 0.55 1.00

Fig. 2. — Combined representation of 3 maps

Consider “Tent” map:

1
2Xqp, Xy < 1
fl(xn) = 1 (10)
1 —2x,, 1 >xnzi

Particular attention to map (10) draws the fact that it
shares many properties with the logistic map (8)

when 7 =4 in the iteration process. This feature
indicates their conjugation. Assuming that I and J
represent some intervals for maps f:1 = I,g:] — J.
then it could be assumed that the maps f and g con-
jugates, if there is a homeomorphism h: I — ], still h
satisfies the equality of conjugation ho f = goh.
Conjugacy compares orbits f to orbits g. This fol-
lows from the fact that h(f™(x)) = g"(h(x)) for
all x € I such that h compares the n-th point of the
orbit for f from x to the n-th point of the orbit g
from h(x).

Statement 3. Tent map is congruent with lo-
gistic map, square root logistic map. and sine map.

The proof is based on the following sequence of
steps that follow from the work [4]. The validity of
the fact that sine map is congruent to the logistic
map follows from the following simple transfor-
mations. Let's define the equation of conjugation by
analogy of definition of logistic map ata = 4:

h(2x) = 4}1(:()(1 - h(x)) (11)

for x € [Uﬂ Note that the above satisfies the func-
tion of the form

h(x) = sin?(cx)
for any c>0 by the
sin(28) = 2siné cos 8.

In order h to be a homeomorphism of the inter-

val itself, it must be monotonic on any interval.
Closer examination of homeomorphism defined by

formula (12) allows to consider ¢ = Z. It follows that

(12)

formula:

h(0) =0, h(1) = 1 and k is increasing throughout
the interval [0,1].

To make sure that (12) is really a topological
conjugation, it is necessary to examine it on the in-

terval x € E 1]:

}1(2(1 - x)) = 4}1(:()(1 - h(x)) (13)
Let's perform substitution and simplification:
,‘1(2(1 - x)) = sin (;rr(l - x)) = sin?(mx) = (14)

= 4 sin? (%) cos? (%) = 4}1(-’5)(1 - h(x))

That was necessary to prove.

Proved statement shows that sine map can be
viewed as an example of a topologically conjugate
system with logistic map and tent map. From this
theorem follows only the fact that in congruent cy-
clic fixed points the maps have the same lengths of
cyclic trajectories, but their structures can be differ-
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ent to a large extent. The values of these maps be-
long to different classes of numbers. The values of
the cyclic trajectories of tent and logistic maps take
rational values; square root logistic map belongs to
the class of algebraic numbers and sine function is
defined on the set of real numbers which in the gen-
eral case are transcendental. These facts must be
taken into account during modeling of the behavior
of such dynamical systems due to the fact that auto-
matic rounding of values can lead to an automatic
transition to completely different cyclic trajectories

[5].

3. 1-D map structure analysis and randomness
measure

Despite the simplicity of these maps their
structure largely depends not only on the properties
of the functions used for their construction, but also
on the properties of the numbers used as initial
conditions and parameters. These maps allow you to
divide the set of primes into a system of classes
based on the length of the iterative process for given
primes. Note that there are many prime numbers for
which the length of the period is significantly less
than the dimension of the number. The sequence
obtained for a given number forms a simple
structure. Simple structures are characteristic of
Fermat, Mersenne numbers and their various
generalizations. At the same time, other prime
numbers generate sequences for which the length of
the period is proportional to its dimension and,
accordingly, can show a greater degree of
approximation to randomness, but also have periodic

elements as shown in Figures 3-5.
Tent

l i , IF
il l\'” MRl “\ ol LA "‘~||‘I I
Ukl |

T 1T

)

Xn

[

number of iteration

Fig. 3. — Tent map iteration sequence

Discontinuous Tent

illdile H| il

Xn

I 1‘ ” 'IH |” byl ”p \| “{ |I ||{ A’i A \|J

number of iteration

Fig. 4. — Discontinuous Tent map
iteration sequence

Sawtooth
. I l" II
|' i L ,u
fll .t ll ” ||l! g | ‘|
" | ll i p"ﬂll |
.! i '.,
l number of iteration

Fig. 5. — Sawtooth map iteration sequence

Ilu

|

| llIl
1

The structures of given trajectory fragments for
the number 1/p = 1/649657 are radically different

for these maps. It can be argued that currently ana-
Iytical methods of their internal structure of periodic
fixed points trajectories are not sufficiently devel-
oped, but rather simply absent. In dynamical process
control systems, mathematical models of which in-
clude such maps, implementation of any methods
will always be ineffective if we do not take into ac-
count internal structure of trajectories of their peri-
odic fixed points. This analysis is especially im-
portant provided that the dynamic system belongs to
the class of self-organizing, which are now called
synergistic dynamic systems. The presence of self-
organization processes in such systems does not
mean that such systems do not require external con-
trol which takes into account behavioral features.
Creation of methods of effective management of
dynamic systems is possible on condition of the
systematic analysis of their behavior. This requires
methods of sequential analysis of their trajectories in
which fragments of trajectories are distinguished,
which have certain properties and at the same time
according to which systematic actions of purposeful
nature are taken.

Creation of methods for analysis of trajectories
structure of periodic fixed points can be associated
with another class of problems. In dynamic systems,
it is often important to have information according
to which laws the system switches from one state to
another. Emergence of fractal components may be a
sign of self-organization processes in the systematic
behavior of a dynamic system.

The question of a certain degree of similarity of
internal structures arises. For example, for the prime
number 649657, Figure 6 shows the internal
structure of iterative processes for maps, where the
dotted line shows the resulting sequences and the
solid line shows the internal parts within the
sequences that give the maximum value of the
correlation coefficient.

50 MogentoBaHHs JUHAMIYHUX CHCTEM


Vladimir
Пишущая машинка
50


ISSN 2221-3805. EnexrpoTexniuni Ta koM’ rotepHi cuctemu. 2020. Ne 32 (108)

Fig. 6. —mS'tnr"aEture of sequence on the ba5|sof prime
number 649657

As can be seen in these sequences, which were
obtained using the above maps for some subse-
guences, give similarity values closer to 0, indicating
the influence of fixed points on the internal structure
of the sequence.

To examine trajectories structure, in this paper
we consider the application of measures of form
estimation and DFT measure as an example of the
characteristic  measure. Among the various
correlation coefficients we will use the Spirman
correlation, since the Spirman correlation coefficient
does not contain any assumptions about the
distribution. Sequences will be called similar if the
measure takes a value greater than 0.5. The Spirman
correlation coefficient can be calculated using the
following equation:

__exdf
N(NZ-1)

rg =

(15)

where d; - the difference between the rank for each

pair of data, and the value N - the number of data
pairs. The Spearman correlation coefficient
calculates the p-value in the same way as the linear
regression and Pearson correlation, except that the
calculation takes place for ranks, not magnitudes. It
is worth noting that the price for the best properties
of the Spirman correlation is the greater complexity
of the calculations, which is O(n log n), while the
Pearson correlation calculation has the complexity
of O(n).

As a result of analysis, a hierarchy of internal
cycles according to the length of the cycle, as well as
the degree of similarity of the found structures was
gotten. This hierarchy can be used to further
evaluate the sequence. In accordance with a step-by-
step approach to the search for similar subsequences,
we obtain a set of values that could identify a
subsequence that exceeds the initial value.

Considering the results for the individual
sequences, the results of the evaluation of the degree
of similarity allow us to obtain a hierarchy of similar
sequences based on the length of the internal cycles
and the level of similarity presented in table 1. In
this table: s — length of the pattern, | — searched simi-

larity measure, pat — initial position of used pattern,
comp — some compared pattern, SM — obtained simi-
larity measure for two subsequences.

Table 1.
Similar subsequences for algebraic map and a prime
S I pat comp lag SM
11 0,7 {9,19} {20,30} 36 0,772727
11 08 {17,27}y {28,38} 33 0,836364
11 09 {40,50} {51,61} 53 0,972727
15 0,7 {19,33} {34,48} 67 0,717857
15 08 {36,50} {51,65} 49 0,817857
15 0,9 {13,27} {28,42}y 67 0,907143
20 0,7 {11,30} {31,50} 62 0,795489
20 08 {13,32} {33,52} 62 0,842105
25 0,7 {50,74} {75,99} 6 0,731538
30 06 {10,39} {40,69} 52 0,631146
30 06 {46,75} {76,105} 1 0,63337

Comparing the chosen similarity measures, the best
results from the search for similar sequences
demonstrate the DFT measure, since it represents the
estimation of the subsequence in the form of the sum
of harmonic oscillations, respectively, allows for a
more precise estimation. Also, the DFT measure has
better computational performance by reducing the
dimension, which significantly affects the total time
of the calculation for sequences that display a
proportional to a prime number of length of the
period. The time complexity for the DFT using the
fast Fourier transform algorithm is O(n log n).
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MOBEJIIHKA KOHTPYEHTHUX IIUKJITYHUX TPAEKTOPIF HEPYXOMHUX TOYOK
HEJITHIMHUX BIJIOBPA’KEHB B TEOPII JMHAMIYHUX CUCTEM

I'. M. Boctpos, A. O. Xpinenko , B. 10. Konecniuenko
Odecvkuil HaYiOHATbHUL ROTTMEXHIYHUL YHIgepcumem

Anomauia. B oaniti pobomi posensdaiomocs acnekmu QopMyS8aHHsT YUCTIO8UX HOCTIO08HOCMEl HA
OCHO8I HeniHiUHUX OuHamiunux cucmem. CKIaoOHi cucmemu 3anedxcHi 6i0 eiacmugocmel 6a2amvox
napamempis, momy amaiiz ma O0emaibHull po32iia0 00OHOBUMIPHUX BI00Opadicenb OV8 30ilicHenull Y OaHill
pobomi, ocKinbku O0ani 8i000padCceHHss NPedCmasisioms coO00 NPUKIAO NPOCMUX OUHAMIYHUX CUCTNEM.
Bnaue yukniunux Hepyxomux mouox maxodxc 0y8 npeomemom O00CuiodxceHHs & pobomi. byno pozensinymo
CMPYKMYpy MPAcKmopii HAgeOeHux 6i0o0padiceHb, a MaKojic NpeoCmasieno NOYamkogi cnpobu ixuvozo
npeocmaenenus ma auanizy. lloxazano, wo eracmueocmi npocmux uucen, 3a OOHNOMO2010 AKUX
dopmyromsca nceg008unadko8i NOCIiO06HOCHI, GNIUBAIOMb HA HAABHICMb ) GHYMPIWHIL CMPYKMYpI
OMPUMAHUX NOCi008HOCMEU (Ppazmenmis, Wo ICMOMHO NO2IPuLyioms Mipy 6Unadko8ocmi ma pooOnimb
NOCNIO06HICMb HENpUOaAmHo 00 GUKOPUCAHHA 6 MUX 3aA0auax, 0e GUMA2AEMbCA HeNpoOSHO308AHHICb
ejleMenmis wucnosoi nociioosnocmi. Taxum uuHom,8ucy8aemovcs 8uMo2a wooo cmynens nodioHocmi 6y0b-
AKUX 00OpaHux nionociioogHocmell npu 2eHepayii nces00BUNAOKO8UX NOCHiOO8HOCcmell. Ananizyouu
nOCNI008HOCMI 3 MOYKU 30pY HENPOSHO308AHOCMI, PO32NA0ACMbCA MONCIUGICIG OMPUMAHHA eleMeHMi8
nOCAi008HOCMI HA OCHOBI IHGh)OpMayii npo nonepeowi enemenmu yiei nocrioosnocmi. Bionosiono, HassHicme
nepioouyHux nOJiOHUX NiONOCII008HOCHEN NOPYULYE YMOBY HENPOSHO308AHOCMI [ He 00380JAE PO32aa0amu
Maxy nociioosHicmyb AK nces0osunaokosy. Pezyiemamu ompumani 6 xo0i pobomu 00360510Mb OYIHUMU
KOJICHE 3 GUKOPUCMAHUX 6i000padiceHb ma 3podoumu  8UCHOBOK, WO Ol OMPUMAHHA HAOIUHUX
nces0osUNAOK08UX NOCII008HOCMEN HEODXIOHO 6)Ydysamu Memoou, Wo 00380158Mb OMPUMYEAMU HAUMEHULY
KIMbKICMb 8HYMPIWHIX ROOIOHUX NIONOCTIO08HOCHE I, 8BIONOBIOHO, HAUMEHULOW MIPOIO IXHbOI NOJIOGHOCMI.

Knrouoei cnosa: Xaoc, nces0osunaokosi nociioo8HOCHI, HelIHIIHI 8i000padiCeH s, NPOCMI YUCIA.
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HOBEJEHUE KOHI'PYS3HTHBIX HUKIMYECKHUX TPAEKTOPUI HEITOABUKHBIX
TOYEK HEJIMHEUHBIX OTOBPA’KEHUU B TEOPUU IUHAMUNYECKUX CUCTEM

I'. H. BoctpoB , A. O. Xpunenko , B. 0. Kosnecunuenko
Ooecckuil HAYUOHATLHBIN NOTUMEXHUYECKUL VHUBEPCUMEn

Annomayua. B Oannou pabome paccmMampusaromcs  ACnekmvl  (POPMUPOBAHUS  YUCLOBLIX
nocnedosamenbHocmell Ha 0CHO8e HeluHeluHblX ounamuueckux cucmem. CLOdCHblE cUCmeMbl 3A6UCTI OM
CBOUCME MHO2UX NAPAMEMPO8, CNIe006AMENbHO AHAIU3 U O0eMAIbHOe PACCMOMpPeHUe O0OHOMEPHbIX
omobpadiceHull OvLL OcyuwecmsieH 6 OaHHOU pabome, MAK KAK OAHHble OMOOPAdCEHUs NPedCmasisiiom
€000l OuHamuyeckue cucmemvl. BrusiHue YuUKIUYECKUX HENOOBUICHBIX MOYEK MaKdice Obllo npeomemom
uccrnedosanusi 6 pabome. Bovliu paccmompenvl cmpyKmypvl mpaeKmoputi NPU8eOeHHbIX OMpAadiCeHull, a
Makdice nPpeocmasienbl Ha4dIbHble NONLIMKU UX NPeOCMABGIeHUsL U AHATU3A.

Kniouesvie cnosa: Xaoc, ncesdociyuaiinvle NOCie008AmMeNbHOCHU, HEIUHEUHble OMoOPaANICeHUs,
npocmole Yucd.
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