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MODELING OF THE PRIMITIVE ROOTS STRUCTURE THAT ARE ASSOCIATED WITH
GIVEN PRIME NUMBERS

G. Vostrov, I. Yakshyn
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Abstract. The problem of calculating the set of all primitive roots of an arbitrary prime number is con-
sidered. The algorithm for checking the natural number on the property of being the primitive root of a given
prime number is constructed. The properties of the structures of recursive cycles of primitive roots are inves-
tigated. It is proved that all primitive roots of any prime number form pairs in which the recursive cycle of
one is the inverse of the recursive cycle of the other element of the pair. The possibilities of representing re-
cursive cycles in two-dimensional space are investigated. It is shown that recursive cycles form dynamic

processes.
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Introduction

In modern as pure, and applied mathematics the
theory of prime numbers has an exceptional appeal.
The solution of many problems of modern theory of
prime numbers will make it possible, on the one
hand, to deepen the idea of how to develop the fun-
damental foundations of mathematics, and on the
other hand, it will allow creating more and more ef-
fective arithmetic methods for constructing fast al-
gorithms for discrete orthogonal transformations in
the analysis and processing of complex data [2]. To
the complex data is the modern area of Big Data
Science [3], signal processing, cryptography [4] and
others.

The experience of working on the problems of
pure and applied mathematics shows that there are
unsolved mathematical problems whose solution is
important both for deepening and developing new
methods for solving complex problems of pure
mathematics and for creating effective algorithms
for solving problems from applied fields, some of
which are listed above.

Until now, the unproved validity of the Artin’s
conjecture [5] according to which, if the natural
number is not 0, £1, and the perfect square, then
the equality

z(x,a) =c(a)- z(x), ()

where - number of primes , the number of prime
numbers for which is the primitive root, - con-
stant depends only on the value . In [6] we formu-
lated the generalized Artin conjecture, where simul-
taneously the ways of solving it were determined by
means of experimental mathematics [7, 8].

Certainly, any results obtained on the basis of com-
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puter modeling should be further proved by analyti-
cal methods [9].

Simply attracting analytical methods to solve this
Artins hypothesis and its generalization at the mo-
ment is not possible. The existence of a constant
c(a) in (1) confirms a simple consideration, name-
ly, that there must be a procedure for regular sifting
of primes for any number for which a is an primi-
tive root. In [10] it is proved that there are infinitely
many such prime numbers. Until now, it has not
been proved by what properties all prime numbers
have, for which a is the primitive root, that is, a is
the generating element of the cyclic group
(Z/Z,)* forany peP, where P is the set of all
primes [12].

To solve this problem, it makes sense to solve
initially a different, as it seems to us, simpler prob-
lem. For some simple number p, find all its pri-
mordial roots and explore their properties. Clearly,
what if a is primitive number root it is sufficient to
consider a < p. In the general case, the number a

can be a composite, but not £1 and a perfect square.
It is known that for any p number of its primitive

roots is equal to @(p—1), where ¢ — Euler func-
tion. With increasing p, the number of primitive
roots increases. Let m, be some primitive root of a
prime  number p. Lets pretend that
m, :{mlp,mzp,K ,mw(pfl)p} - set of all primitive
roots, prime number p . Potentially primitive roots
of a prime number p can be any number from 2 to
p —1, except those that are perfect squares.

Checking the number m for the possibility of
being the primitive root of a prime number p is

computationally complex from an algorithmic point
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of view if one takes into account that the number of
checks increases with increasing p . In addition, for
any prime number, it is not a simple task to calculate
the Euler function ¢(p—1), which is defined by
expression:

qo(p—1>=1f[(pf‘i - pi), @)

K
where p—1=]]p - its prime factorization. The
i=1
computation of the Euler function itself is computa-
tionally a simple task. A much more complicated
problem is the factorization of the number p—1. If

p—1 not a large number, for example order 10°,
then the factorization problem is solved quite simp-
ly. At significantly higher values, computational dif-
ficulties of subexponential character arise. To solve
the factorization problem, the methods described in
[12] were used.

Calculation a primitive root of prime num-
ber and the analysis of their properties

According to the little Fermat theorem, if the
number m is an antiderivative root of the number p,
then condition

m®* =1(mod p) (3)

This condition is necessary, but not sufficient. For
this reason, it is necessary to perform a check on the
more complicated procedure given in the monograph
[12]. Let a prime number p be given and a candi-

date for primitive roots be M. We perform factori-

k
zation p —1 presenting p—1= H p; and for each

i=1
prime factor from {p,, p,, K, p,} we check that
condition

L—l
mP =1(modp). (4)

For this, a recursive procedure is implemented

Xn+1 = mxn (mOd p) ’ (5)

at X, =1 to n+l=p—_1 and the above condition

(4) must be satisfied at the last step of the recursion.

Suppose that for a certain number condition (4) is
satisfied, then we compute a sequence of values

X, =1, X, =mx,(mod p)to x,, =1(mod p) (6)

and we obtain the vector (xm, Xom K4 X ) of

1N p-r)my
lenght p—2. Such vectors are constructed for all

mi (S mp :{”H_pamz.p!K 1m(p71).p} (7)

It is obvious that for all primitive roots of the set M
all vectors have the same length equal to p—2. The

set of such vectors is the basis for analyzing the
properties of the set of primitive roots of a prime
number p. Note that the recursion cycle for the

primitive root m; actually has the form:

(11 X]_.mi 1 Xz.mi 1K H X( pfl).mi) (8)
The last unit refers to the next cycle, and therefore
the cycle length is p—1, which agrees with Fer-

mat's little theorem [1]. The analysis of cycles (or-
bits) of recursions for the set of all primitive roots
allowed us to establish, that for any

m., e{m,,m, ,K,m ., } there is always
m;, at J # p, that a recursive cycle m; , without
the first unit is the inversion of the cycle m, . In
K ’mqo(p—l)-p

es into pairs of primitive roots. This is a new
property of the set of primitive roots that was not
previously known. The number of primitive roots is

greatest for primes p’ =Z,+1 for p*&peP,

essence, the set {m, ;,m } decompos-

Z.p’

which are usually called prime numbers of Sophie
Germain and the smallest number of smooth prime
numbers [12]. For various peP the number of
compound primitive roots is always significantly
larger than the number of simple primitive roots.
This is explained simply enough, since ¢(p—1)
shows the number of natural numbers that are rela-
tively primeto p—1.

Each primitive root is the parent of the group
(Z/Z,)*. In addition, each of them generates a set

of pseudo-random numbers. If we average over the
set of all cycles, we get a pseudo-random sequence in
which all randomness tests allow us to state that in
this sequence there are no inner cycles in any form.
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Figure 1. The interaction of recursive cycles in a two-dimensional system.

Consider primitive roots and cycles for a prime num-
ber p=37.
Table 1.
The inverse recursive cycle of primitive roots 2 and
19 of prime number 37
Cycle

Primi
tive
root

2 2, 4,8, 16, 32, 27, 17, 34, 31, 25, 13, 26,

15, 30, 23, 9, 18, 36, 35, 33, 29, 21, 5, 10,

20,3,6,12,24,11,22,7,14, 28,19, 1

19 19, 28, 14, 7, 22, 11, 24, 12, 6, 3, 20, 10,

5,21, 29, 33, 35, 36, 18, 9, 23, 30, 15, 26,

13, 25, 31, 34, 17, 27,32, 16, 8,4, 2,1

Table 2.
The inverse recursive cycle of primitive roots 5 and
15 of prime number 37
Cycle

Primi
tive
root

5 5, 25, 14, 33, 17, 11, 18, 16, 6, 30, 2, 10,

13, 28, 29, 34, 22, 36, 32, 12, 23, 4, 20,

26,19,21,31,7,35,27,24,9,8,3,15,1

15 15, 3, 8, 9, 24, 27, 35, 7, 31, 21, 19, 26,

20, 4, 23, 12, 32, 36, 22, 34, 29, 28, 13,

10, 2, 30, 6, 16, 18, 11, 17, 33, 14, 25, 5,1

Table 3.

The inverse recursive cycle of primitive roots 13 and

20 of prime number 37
Cycle

Primi
tive
root

13 13, 21, 14, 34, 35, 11, 32, 9, 6, 4, 15, 10,

19, 25, 29, 7, 17, 36, 24, 16, 23, 3, 2, 26,

5,28, 31, 33, 22, 27, 18, 12, 8, 30, 20, 1

20 20, 30, 8, 12, 18, 27, 22, 33, 31, 28, 5, 26,

2, 3,23, 16, 24, 36, 17, 7, 29, 25, 19, 10,

15,4,6,9, 32,11, 35, 34, 14, 21, 13,1

Table 4.
The inverse recursive cycle of primitive roots 17 and
24 of prime number 37

Primi-
tive
root

17 | 17, 30, 29, 12, 19, 27, 15, 33, 6, 28, 32,

26, 35, 3, 14, 16, 13, 36, 20, 7, 8, 25, 18,

10, 22, 4, 31, 9, 5, 11, 2, 34, 23, 21, 24,

1

Cycle

24 | 24,21, 23, 34, 2,11, 5, 9, 31, 4, 22, 10,
18, 25, 8, 7, 20, 36, 13, 16, 14, 3, 35, 26,
32, 28, 6, 33, 15, 27, 19, 12, 29, 30, 17,
1
Table 5.

The inverse recursive cycle of primitive roots 18 and
35 of prime number 37
Cycle

Primi
tive
root

18 18, 28, 23, 7, 15, 11, 13, 12, 31, 3, 17,

10, 32, 21, 8, 33, 2, 36, 19, 9, 14, 30, 22,

26, 24, 25, 6, 34, 20, 27, 5, 16, 29, 4, 35,

1

35 35, 4, 29, 16, 5, 27, 20, 34, 6, 25, 24, 26,
22,30, 14, 9, 19, 36, 2, 33, 8, 21, 32, 10,
17, 3,31, 12,13, 11, 15,7, 23, 28, 18, 1

Table 6.

The inverse recursive cycle of primitive roots 22 and
32 of prime number 37
Cycle

Primi
tive
root

22 22, 3,29, 9, 13, 27, 2, 7, 6, 21, 18, 26,

17, 4,14, 12, 5, 36, 15, 34, 8, 28, 24, 10,

35, 30, 31, 16, 19, 11, 20, 33, 23, 25, 32,

1

32 32, 25, 23, 33, 20, 11, 19, 16, 31, 30, 35,

10, 24, 28, 8, 34, 15, 36, 5, 12, 14, 4, 17,

26,18,21,6,7,2,27,13,9,29, 3,22, 1
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The value of the Euler function for this number
will be @(p—1) =12, which is equal to the number

of primitive roots for a given prime number.
As follows from the data above, all primitive roots
have a recursively inversion pair.

20
i

22 24 26 23 30 32 34 36

Figure 2 — The primitive roots 2 and 19 of prime number 37 in a two-dimensional system

\ .
N/

Figure 4 — The primitive roots 13 and 20 of prime number 37 in a two-dimensional system.

Actually, based on the data on the primitive
roots of a prime number, the following model for the
study of the set of primes is added up, for which a
given number a is a primitive root. Suppose a is
chosen and it is established that for some p, a isa
primitive root. We find a set of primitive roots of the
number m/ ={ml_p,m2.p,K ,m(p(pfl),p} and let a

belong to this set. In addition, let some p*>a also
belongs to m . From the analysis of the mathemati-

cal experiment follows, that a is also an antideriva-
tive root for p*. Thus, the scheme.

a—->p*r>p=a—>p 9)

If this transitive "law" turns out to be correct,

then additional information will appear on the laws

of formation of the set of primes for which & is a

primitive root. So in the Artin’s hypothesis, based on

the data of experimental mathematics, two facts are
established:

1) forany pe P aset

My ={My,, M, Kmy b (10)
divide into pairs in which the recursion on the basis
of one element is the inverse of the recursion of the
other element of the pair. The pairs can be formed
by two prime numbers, two compound ones and one
simple and one compound. It is necessary to prove
this fact analytically. For the existence of an inver-
sion it is necessary and sufficient that in any pair
(m,,,m, ) first element of recursion m,  was

equal to the last in m, and vice versa. This implies

the equality of two recursions. The conditions under
which this happens are probably easy to establish. It
is more difficult to prove that the recursions coincide
under inversion.

2) Suppose, that is a - is a primitive root for all

p € Pa :{pliK ' pa}-
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Prove it: Let a— p; and p, > p; =a— P
ata<p <p;-

That is, there is transitivity. It is entirely
possible that this is transferred to the theory of finite
fields, elliptic curves, and modular forms.

An important question: how to find a module
m such that the residues of this module by P, dif-
fer from the residues of this module on the set
P—P,. The question of the existence of such a

module is open. It is possible that there is a system
of modules {m;,K ,m,} the residues over which
have properties that are defined by some function
like f(Z,,,K,Z, ). This may be due to the
Dirichlet theorem on arithmetic progression. The

question of whether it can be generalized to a system
of arithmetic progressions remains open.

Conclusions

Analyzing primordial roots, it was found that
there are pairs of primitive roots in which recursion
on the basis of one element is an inversion of the
recursion of another element of the pair. If we ex-
plain this point in an analytical way, we will get ad-
ditional information on the laws of the formation of
a set of primes for which a is a primitive root. The
processes of interaction of recursive cycles between
different pairs of primitive roots of a prime number
p . It is proved that dynamic processes have a chaot-

ic nature, the investigations of which are an im-
portant task of theories of dynamical systems.
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MOJEJIOBAHHSA CTPYKTYPH IIEPBICHUX KOPEHIB ITOB’AA3AHUX 3 3AJJAHUMH

INPOCTUMHU YNCJIAMHU

I'. M. Boctpos, |. M. Axmun
Oo0ecvkuii HayioHAILHULL NOJIMEXHIYHUL YHIBepCUmem

Anomauia. Piwenns 6azamvox 3a60aHb Cy4yacHoi meopii npocmux yucen 00360714€, 3 00H020 DOKY, No-
nubumu ysi8IeHHs nPpo me, sIK PO36UBAMU (PYHOAMEHMATbHI OCHOBU MAMEMAMUKY, d 3 IHUO020 - CINBOPIO6A-
mu Oinvw eghekmueHi apu@dmemuuni Memoou no6yo008uU WUEUOKUX AN2OPUMMIE AO0 OUCKDEMHUX OPMO2OHA-
JIbHUX Nepemeoperb npu ananizi ma obpobyi cknaduux oanux. OOHIEW i3 npobiem cyHacHoi MamemMamuxu y
CYKynHocmi i3 kpunmozpagieto € 3a0aua nowyKy nepsicHux Kopewnis. Y Oawiii cmammi po32isHymo 3a0ady
0OUUCTEHHS MHOJICUHU 6CIX NEPBICHUX KOPEHI8 008iibH020 npocmozo uucia P .Oxpim moeo, 6yra onucauna

BANCIUBICIb OAHOL 3A0AYI 8 CYYACHOMY C8IMI, a 30KpeMa, UKOPUCMAHHS Meopii NepeiCHUX KOPEHI8 y Kpun-
moepaii. [lo6yoosanuil areopumm nepesipku HamypaivHo2o yucia N Ha eiacmugicmsv Oymu nepeicHum
KopeneM 3a0an020 npocmozo yucia. Y xo0i pobomu 6yn0 3’co6ano, wo ichyiomv HecheyughiuHi peKypcusHi
yukau, 6y10 00CiONCEHO 8IACMUBOCTIT CIMPYKIYD PEKYPCUBHUX YUKILIE NeP8iCHUX KopeHis. [logedeHno, ujo 8ci
nepeicHi KopinHsa 0y0b-AK020 NPOCMO20 YUCAA YMBOPIOIOMb NAPU, 8 AKUX PEKYPCUGHUL YUK 0OHO2O0 € iH6ep-
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CIEI0 PeKypCUBHO20 YUKIY THUO020 eremenma napu. Ilpusedeno npuxiadu nepsicHux KopeHie ma ix 6Hympiui-
HIX YUKIi6, a maxodic iHeepcilni napu. /lana enacmugicmes nepeicHUX KOPeHi6 He 3a3HAYANdAcs paHiue y i-
mepamypi. ¥V x00i pobomu maxoxc 0yi0 00CAIONCEHO MONCIUBOCMI NPEOCMABIEHHSA PEKYPCUBHUX YUKIE 6
0gosumipromy npocmopi. Pesynomamu npedcmasneni 6 6uodi epaixie ineepCitinux nap NepeicHUX KOpeHis
npocmux uucen. Iloxazano, wo pexypcusui yukiu ymeoproms Ounamiuti npoyecu. Jlogederno, wjo ounamiu-
HI npoyecu Maromeb XAoMu4HUL XapaxKmep, 00CAI0NCEHHsL AIKO20 € ANCTUBUM 3AB0AHHAM Meopii OUHAMIYHUX
cucmem. Y nooanbuiomy nianyemuca 0emanbHo 00CHIOUMYU CMpPYKMypy 6HYMPIWHIX YUKLI@ Ol nap ducen.
Amnaniz maxux cmpykmyp € Kpokom 00 8uUpiuieHHs CKIAOHUX MeopemuKo — MamemMamustux 3a0ay ma 3a0ay
Kpunmoepagii, 0e 8UKOpUCMO8YIOMbCsl NePBICHI KOPeHi.

Knwuosi cnosa: Mana meopema ®epma, yukiiuna epyna, epyna nepecmaHosox, aneebpaiuna ounamiy-
Ha cucmema, 0OYUCTIOBANbHA CKIAOHICMb, CMPYKMYPA peKypcii, nepsicHuti Kopitb

MO/JIEJIMPOBAHUE CTPYKTYPBI IEPBOOBPA3HBIX KOPHEN CBA3AHHBIX C
3AJAHHBIMHU ITPOCTBIMHA YNCJIAMHU

I'. H. Boctpos, 1. H. Axmun
Odecckuli HaYUOHANbHBIN NOTUNEXHUYECKUU YHUBepCUmem

Annomayus. Paccmompena 3a0aya 8bluUCieHUsi MHO®CECMBA 8CeX NEPBOOOPAHLIX KOPHell NPOU3801b-
Ho20 npocmoeo yucaa P . Hccredosamvi ceoticmea cmpykmyp peKypCUBHbIX YUKI08 NEPBO0OPA3HbIX KOPHEI.

Hoxazano, umo éce nepgoobpasuvie KOpHU 1106020 HPOCHO20 YUCIA 00PA3YIOM NApPvl, 8 KOMOPLIX PeKyp-
CUBHBILL YUKTT OOHO20 ABNIAEMCs UHBEPCUEll PeKYPCUBHO20 YUKAA Opyeoeo siemenma napwl. lloxkazano, ymo
PEKYPCUBHbLE YUKTbL 00pa3yom OUHaMuyecKue npoyecchsl.

Knrwouesvie cnosa: Manas meopema ®@epma, yuxiuueckas epynna, epynna nepecmanosox, aneebpauye-
CKasi OUHAMUYECKAsi CUCIEMA, 8bIYUCTUMENbHAS CLONCHOCMb, CIMPYKMYPA peKypcul, nepeoodpasHulil Ko-
DpeHb.
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