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Abstract. The problem of calculating the set of all primitive roots of an arbitrary prime number is con-

sidered. The algorithm for checking the natural number on the property of being the primitive root of a given 

prime number is constructed. The properties of the structures of recursive cycles of primitive roots are inves-

tigated. It is proved that all primitive roots of any prime number form pairs in which the recursive cycle of 

one is the inverse of the recursive cycle of the other element of the pair. The possibilities of representing re-

cursive cycles in two-dimensional space are investigated. It is shown that recursive cycles form dynamic 

processes. 
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Introduction 

In modern as pure, and applied mathematics the 

theory of prime numbers has an exceptional appeal. 

The solution of many problems of modern theory of 

prime numbers will make it possible, on the one 

hand, to deepen the idea of how to develop the fun-

damental foundations of mathematics, and on the 

other hand, it will allow creating more and more ef-

fective arithmetic methods for constructing fast al-

gorithms for discrete orthogonal transformations in 

the analysis and processing of complex data [2]. To 

the complex data is the modern area of Big Data 

Science [3], signal processing, cryptography [4] and 

others.  

The experience of working on the problems of 

pure and applied mathematics shows that there are 

unsolved mathematical problems whose solution is 

important both for deepening and developing new 

methods for solving complex problems of pure 

mathematics and for creating effective algorithms 

for solving problems from applied fields, some of 

which are listed above.  

Until now, the unproved validity of the Artin’s 

conjecture [5] according to which, if the natural 

number is not 0, 1 , and the perfect square, then 

the equality  

)()(),( xacax  = , (1) 

where   - number of primes  ,   the number of prime 

numbers for which   is the primitive root,   – con-

stant depends only on the value  . In [6] we formu-

lated the generalized Artin conjecture, where simul-

taneously the ways of solving it were determined by 

means of experimental mathematics [7, 8]. 

Certainly, any results obtained on the basis of com-

puter modeling should be further proved by analyti-

cal methods [9]. 

Simply attracting analytical methods to solve this 

Artins hypothesis and its generalization at the mo-

ment is not possible. The existence of a constant 

)(ac  in (1) confirms a simple consideration, name-

ly, that there must be a procedure for regular sifting 

of primes for any number for which a  is an primi-

tive root. In [10] it is proved that there are infinitely 

many such prime numbers. Until now, it has not 

been proved by what properties all prime numbers 

have, for which a  is the primitive root, that is, a  is 

the generating element of the cyclic group 

*)/( pZZ  for any Pp , where P  is the set of all 

primes [12]. 

To solve this problem, it makes sense to solve 

initially a different, as it seems to us, simpler prob-

lem. For some simple number p , find all its pri-

mordial roots and explore their properties. Clearly, 

what if a  is primitive number root it is sufficient to 

consider pa  . In the general case, the number a  

can be a composite, but not 1  and a perfect square. 

It is known that for any p  number of its primitive 

roots is equal to )1( −p , where   – Euler func-

tion. With increasing p , the number of primitive 

roots increases. Let im be some primitive root of a 

prime number p . Let's pretend that 

},,,{ )1(21 ppppp mmmm −=  - set of all primitive 

roots, prime number p . Potentially primitive roots 

of a prime number p  can be any number from 2 to 

1−p , except those that are perfect squares.

Checking the number m  for the possibility of 

being the primitive root of a prime number p  is 

computationally complex from an algorithmic point 
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of view if one takes into account that the number of 

checks increases with increasing p . In addition, for 

any prime number, it is not a simple task to calculate 

the Euler function )1( −p , which is defined by 

expression: 


=

−−=−
k

i

ii
ii ppp

1

)()1( 1 , (2) 

where 
=

=−
k

i

i
ipp

1

1


- its prime factorization. The

computation of the Euler function itself is computa-

tionally a simple task. A much more complicated 

problem is the factorization of the number 1−p . If 

1−p not a large number, for example order 
610 , 

then the factorization problem is solved quite simp-

ly. At significantly higher values, computational dif-

ficulties of subexponential character arise. To solve 

the factorization problem, the methods described in 

[12] were used.

Calculation a primitive root of prime num-

ber and the analysis of their properties 

According to the little Fermat theorem, if the 

number m is an antiderivative root of the number p, 

then condition  

)(mod11 pm p −
(3) 

This condition is necessary, but not sufficient. For 

this reason, it is necessary to perform a check on the 

more complicated procedure given in the monograph 

[12]. Let a prime number p  be given and a candi-

date for primitive roots be m . We perform factori-

zation 1−p  presenting 
=

=−
k

i

i
ipp

1

1


 and for each 

prime factor from },,,{ 21 kppp   we check that 

condition 

)(mod1

1

pm ip

p



−

.  (4) 

For this, a recursive procedure is implemented 

)(mod1 pmxx nn =+ , (5)

at 10 =x to 
ip

p
n

1
1

−
=+  and the above condition 

(4) must be satisfied at the last step of the recursion.

Suppose that for a certain number condition (4) is 

satisfied, then we compute a sequence of values  

,1=px )(mod1 pmxx nn =+ to )(mod11 pxp − (6)

and we obtain the vector ),,,(
111 )(21 mrpmm xxx −  of  

lenght 2−p . Such vectors are constructed for all 

},,,{ )1(21 pppppi mmmmm −=   (7) 

It is obvious that for all primitive roots of the set m

all vectors have the same length equal to 2−p . The 

set of such vectors is the basis for analyzing the 

properties of the set of primitive roots of a prime 

number p . Note that the recursion cycle for the 

primitive root im actually has the form:

),,,,1( )1(21 iii mpmm xxx −  (8) 

The last unit refers to the next cycle, and therefore 

the cycle length is 1−p , which agrees with Fer-

mat's little theorem [1]. The analysis of cycles (or-

bits) of recursions for the set of all primitive roots 

allowed us to establish, that for any 

},,,{ )1(21 pppppi mmmm −   there is always 

pjm  at pj  , that a recursive cycle pim  without 

the first unit is the inversion of the cycle pjm  . In 

essence, the set },,,{ )1(21 pppp mmm −   decompos-

es into pairs of primitive roots. This is a new 

property of the set of primitive roots that was not 

previously known. The number of primitive roots is 

greatest for primes 1* += pZp for Ppp &* , 

which are usually called prime numbers of Sophie 

Germain and the smallest number of smooth prime 

numbers [12]. For various Pp  the number of 

compound primitive roots is always significantly 

larger than the number of simple primitive roots. 

This is explained simply enough, since )1( −p   

shows the number of natural numbers that are rela-

tively prime to 1−p .  

Each primitive root is the parent of the group 

*)/( pZZ . In addition, each of them generates a set 

of pseudo-random numbers. If we average over the 

set of all cycles, we get a pseudo-random sequence in 

which all randomness tests allow us to state that in 

this sequence there are no inner cycles in any form. 
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Figure 1. The interaction of recursive cycles in a two-dimensional system. 

Consider primitive roots and cycles for a prime num-

ber 37=p .  

Table 1. 

The inverse recursive cycle of primitive roots 2 and 

19 of prime number 37 

Primi

tive 

root 

Cycle 

2 2, 4, 8, 16, 32, 27, 17, 34, 31, 25, 13, 26, 

15, 30, 23, 9, 18, 36, 35, 33, 29, 21, 5, 10, 

20, 3, 6, 12, 24, 11, 22, 7, 14, 28, 19, 1 

19 19, 28, 14, 7, 22, 11, 24, 12, 6, 3, 20, 10, 

5, 21, 29, 33, 35, 36, 18, 9, 23, 30, 15, 26, 

13, 25, 31, 34, 17, 27, 32, 16, 8, 4, 2, 1 

Table 2. 

The inverse recursive cycle of primitive roots 5 and 

15 of prime number 37 

Primi

tive 

root 

Cycle 

5 5, 25, 14, 33, 17, 11, 18, 16, 6, 30, 2, 10, 

13, 28, 29, 34, 22, 36, 32, 12, 23, 4, 20, 

26, 19, 21, 31, 7, 35, 27, 24, 9, 8, 3, 15, 1 

15 15, 3, 8, 9, 24, 27, 35, 7, 31, 21, 19, 26, 

20, 4, 23, 12, 32, 36, 22, 34, 29, 28, 13, 

10, 2, 30, 6, 16, 18, 11, 17, 33, 14, 25, 5,1 

Table 3. 

The inverse recursive cycle of primitive roots 13 and 

20 of prime number 37 

Primi

tive 

root 

Cycle 

13 13, 21, 14, 34, 35, 11, 32, 9, 6, 4, 15, 10, 

19, 25, 29, 7, 17, 36, 24, 16, 23, 3, 2, 26, 

5, 28, 31, 33, 22, 27, 18, 12, 8, 30, 20, 1 

20 20, 30, 8, 12, 18, 27, 22, 33, 31, 28, 5, 26, 

2, 3, 23, 16, 24, 36, 17, 7, 29, 25, 19, 10, 

15, 4, 6, 9, 32, 11, 35, 34, 14, 21, 13, 1 

Table 4. 

The inverse recursive cycle of primitive roots 17 and 

24 of prime number 37 

Primi-

tive 

root 

Cycle 

17 17, 30, 29, 12, 19, 27, 15, 33, 6, 28, 32, 

26, 35, 3, 14, 16, 13, 36, 20, 7, 8, 25, 18, 

10, 22, 4, 31, 9, 5, 11, 2, 34, 23, 21, 24, 

1 

24 24, 21, 23, 34, 2, 11, 5, 9, 31, 4, 22, 10, 

18, 25, 8, 7, 20, 36, 13, 16, 14, 3, 35, 26, 

32, 28, 6, 33, 15, 27, 19, 12, 29, 30, 17, 

1 

Table 5. 

The inverse recursive cycle of primitive roots 18 and 

35 of prime number 37 

Primi

tive 

root 

Cycle 

18 18, 28, 23, 7, 15, 11, 13, 12, 31, 3, 17, 

10, 32, 21, 8, 33, 2, 36, 19, 9, 14, 30, 22, 

26, 24, 25, 6, 34, 20, 27, 5, 16, 29, 4, 35, 

1 

35 35, 4, 29, 16, 5, 27, 20, 34, 6, 25, 24, 26, 

22, 30, 14, 9, 19, 36, 2, 33, 8, 21, 32, 10, 

17, 3, 31, 12, 13, 11, 15, 7, 23, 28, 18, 1 

Table 6. 

The inverse recursive cycle of primitive roots 22 and 

32 of prime number 37 

Primi

tive 

root 

Cycle 

22 22, 3, 29, 9, 13, 27, 2, 7, 6, 21, 18, 26, 

17, 4, 14, 12, 5, 36, 15, 34, 8, 28, 24, 10, 

35, 30, 31, 16, 19, 11, 20, 33, 23, 25, 32, 

1 

32 32, 25, 23, 33, 20, 11, 19, 16, 31, 30, 35, 

10, 24, 28, 8, 34, 15, 36, 5, 12, 14, 4, 17, 

26, 18, 21, 6, 7, 2, 27, 13, 9, 29, 3, 22, 1 
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The value of the Euler function for this number 

will be 12)1( =−p , which is equal to the number 

of primitive roots for a given prime number. 
As follows from the data above, all primitive roots 
have a recursively inversion pair. 

Figure 2 –  The primitive roots 2 and 19 of prime number 37  in a two-dimensional system

Figure 3 –  The primitive roots 5 and 15 of prime number 37  in a two-dimensional system.

Figure 4 –  The primitive roots 13 and 20 of prime number 37  in a two-dimensional system. 

Actually, based on the data on the primitive 

roots of a prime number, the following model for the 

study of the set of primes is added up, for which a 

given number a  is a primitive root. Suppose a  is 

chosen and it is established that for some p , a  is a 

primitive root. We find a set of primitive roots of the 

number },,,{ )1(21 ppppp mmmm −=   and let a

belong to this set. In addition, let some ap *  also 

belongs to pm . From the analysis of the mathemati-

cal experiment follows, that a  is also an antideriva-

tive root for *p . Thus, the scheme. 

pappa →→→ * (9) 

If this transitive "law" turns out to be correct, 

then additional information will appear on the laws 

of formation of the set of primes for which a  is a

primitive root. So in the Artin’s hypothesis, based on 

the data of experimental mathematics, two facts are 

established: 

1) for any Pp  a set

      },,,{ )1(21 ppppp mmmm −=         (10) 

divide into pairs in which the recursion on the basis 

of one element is the inverse of the recursion of the 

other element of the pair. The pairs can be formed 

by two prime numbers, two compound ones and one 

simple and one compound. It is necessary to prove 

this fact analytically. For the existence of an inver-

sion it is necessary and sufficient that in any pair 

),( 21 pp mm  first element of recursion 1m was 

equal to the last in 2m and vice versa. This implies 

the equality of two recursions. The conditions under 

which this happens are probably easy to establish. It 

is more difficult to prove that the recursions coincide 

under inversion. 

2) Suppose, that is a  -  is a primitive root for all

},,{ 1 aa ppPp = .  
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Prove it: Let ipa →  and iji papp →=→

at ji ppa  . 

That is, there is transitivity. It is entirely 

possible that this is transferred to the theory of finite 

fields, elliptic curves, and modular forms. 
An important question: how to find a module 

m such that the residues of this module by aP dif-

fer from the residues of this module on the set 

aPP − . The question of the existence of such a 

module is open. It is possible that there is a system 

of modules },,{ 1 xmm   the residues over which 

have properties that are defined by some function  

like ),,(
kl mm ZZf  . This may be due to the 

Dirichlet theorem on arithmetic progression. The 
question of whether it can be generalized to a system 
of arithmetic progressions remains open. 

Conclusions 

Analyzing primordial roots, it was found that 

there are pairs of primitive roots in which recursion 

on the basis of one element is an inversion of the 

recursion of another element of the pair. If we ex-

plain this point in an analytical way, we will get ad-

ditional information on the laws of the formation of 

a set of primes for which a  is a primitive root. The 

processes of interaction of recursive cycles between 

different pairs of primitive roots of a prime number 

p . It is proved that dynamic processes have a chaot-

ic nature, the investigations of which are an im-

portant task of theories of dynamical systems. 
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МОДЕЛЮВАННЯ СТРУКТУРИ ПЕРВІСНИХ КОРЕНІВ ПОВ’ЯЗАНИХ З ЗАДАНИМИ 

ПРОСТИМИ ЧИСЛАМИ 

Г. М. Востров, I. М. Якшин

Одеський національний політехнічний університет 

Анотація.  Рішення багатьох завдань сучасної теорії простих чисел дозволяє, з одного боку, по-

глибити уявлення про те, як розвивати фундаментальні основи математики, а з іншого - створюва-

ти більш ефективні арифметичні методи побудови швидких алгоритмів або дискретних ортогона-

льних перетворень при аналізі та обробці складних даних. Однією із проблем сучасної математики у 

сукупності із криптографією є задача пошуку первісних коренів. У даній статті розглянуто задачу 

обчислення множини всіх первісних коренів довільного простого числа p .Окрім того, була описана 

важливість даної задачі в сучасному світі, а зокрема, використання теорії первісних коренів у крип-

тографії. Побудований алгоритм перевірки натурального числа n  на властивість бути первісним 

коренем заданого простого числа. У ході роботи було з’ясовано, що існують неспецифічні рекурсивні 

цикли, було досліджено властивості структур рекурсивних циклів первісних коренів. Доведено, що всі 

первісні коріння будь-якого простого числа утворюють пари, в яких рекурсивний цикл одного є інвер-
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сією рекурсивного циклу іншого елемента пари. Приведено приклади первісних коренів та їх внутріш-

ніх циклів, а також інверсійні пари. Дана властивість первісних коренів не зазначалася раніше у лі-

тературі. У ході роботи також було досліджено можливості представлення  рекурсивних циклів в 

двовимірному просторі. Результати представлені в виді графіків інверсійних пар первісних коренів 

простих чисел. Показано, що рекурсивні цикли утворюють динамічні процеси. Доведено, що динаміч-

ні процеси мають хаотичний характер, дослідження якого є важливим завданням теорії динамічних 

систем. У подальшому планується детально дослідити структуру внутрішніх циклів для пар чисел. 

Аналіз таких структур є кроком до вирішення складних теоретико – математичних задач та задач 

криптографії, де використовуються первісні корені.  

Ключові слова: Мала теорема Ферма, циклічна група, група перестановок, алгебраїчна динаміч-

на система, обчислювальна складність, структура рекурсії, первісний корінь 

МОДЕЛИРОВАНИЕ СТРУКТУРЫ ПЕРВООБРАЗНЫХ КОРНЕЙ СВЯЗАННЫХ С 

ЗАДАННЫМИ ПРОСТЫМИ ЧИСЛАМИ 

Г. Н. Востров, И. Н. Якшин

Одесский национальный политехнический университет 

Аннотация. Рассмотрена задача вычисления множества всех первообразных корней произволь-

ного простого числа p . Исследованы свойства структур рекурсивных циклов первообразных корней. 

Доказано, что все первообразные корни любого простого числа образуют пары, в которых рекур-

сивный цикл одного является инверсией рекурсивного цикла другого элемента пары. Показано, что 

рекурсивные циклы образуют динамические процессы. 

Ключевые слова: Малая теорема Ферма, циклическая группа, группа перестановок, алгебраиче-

ская динамическая система, вычислительная сложность, структура рекурсии, первообразный ко-

рень. 
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