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Abstract. In this paper, computer simulation methods are used to study the properties of primes as a
dynamically developing system. It is shown that unsolved problems in the theory of numbers severely limit
the further development of mathematical science in both theoretical and applied aspects. The foundations of
experimental mathematics are formed as a tool for constructing information technologies in pure and
applied number theory. On the basis of Artin's hypothesis, a generalized hypothesis is formed and shown as
a means of non-linear dynamical processes to obtain a sufficiently accurate solution of it.
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Introduction

In  mathematics, until the thirties of the
twentieth century, there was a belief that any
problem in mathematics could be solved. However,
in 1935 Godel proved that if constructive
mathematical theory includes arithmetic, then it
always contains a true theorem, which is unprovable
by means of the given mathematical theory [1].
Since this moment, active research has begun in the
theory of recursive functions and effective
computability [2]. In parallel, many unsolved
mathematical problems have become the object of
detailed research in terms of assessing the
complexity of their solution. At the present time, a
large number of mathematical problems are known
about which there is no information on their
solvability. In the field of modern number theory a
large list of such problems with detailed analysis is
given in monographs [3, 4] and a number of other
papers. One of these problems is the Artin
hypothesis [5] formed in 1927 and has not been
solved so far.

An important problem in number theory is the
description of the law of distribution of prime
numbers. This problem was solved by Hadamard
and Valle-Poussin, independently of each other, in
1896 [6]. They proved that the number of prime

numbers 7z(x) less than or equal to X is determined
by the expression

n(x):ils—tt+o[x-e2 me 1)

where ¢ is an absolute constant. This analytically
proved form of representation of the law of
distribution of prime numbers has already become
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universally recognized in the mathematical world.
Yet two things should be noted. First, it was
obtained on the basis of the analytic zeta-Riemann
function, which, until it is proved, adequately
describes the distribution of primes in a complex
space. According to the Riemann hypothesis, all the
zeros of the zeta function are on the line passing
through the point equal to 1/2. This millennium

hypothesis has not yet been proved. And this fact is
the basis for criticizing all the results obtained on the
basis of the zeta-Riemann function.

The second circumstance is that simultaneously
with this fact the dynamics of the change of

. ~oInx o _
O| x-e [7] is investigated. In [8, 9], an

estimate of the entropy of this estimate is obtained
and it is proved that it is fractal in nature. These
facts are the basis for the formation of proposals on
the need to study other models for the distribution of
prime numbers. Some results of such investigations
are given in monographs [10, 11]. Another problem
related to the distribution of prime numbers
appeared in 1927, when the well-known
mathematician Artin formed a hypothesis about the
distribution of prime numbers for which the natural
number a >1 is given is their primitive root [12,
13].

According to the Artin conjecture [13], the set
of such prime numbers has the distribution law

7(x,a) in the form of the expression
z(x,a) = c(a)- z(x) )

where 7z(x) is the distribution of primes, and c(a)

is a constant depending on a. So far, despite
numerous studies, this hypothesis has not been
resolved. At the same time, it is not known whether
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this is true for any values of a. If the hypothesis is
correct, the question remains how to evaluate the
constant c(a) for each particular a and what
properties of the number a affect its value. Answers
to these questions are still lacking. In [14, 15] a
detailed analysis of all research results in the field of
the Artin hypothesis solution is given.

It should be noted that the proof of the Artin
conjecture is important both from the theoretical
point of view in number theory and from the
application point of view, since its positive solution
is important in cryptography, coding theory, and the
theory of dynamical systems. In [16], a generalized
Artin conjecture was formulated for any a>1, i.e.
a may not be a primitive root. According to Artin's
generalized theory, equality is valid

z(x,a,i)=c(a,i)-z(x) ©)
where a >1, i is the index of the class of primes in
the classification of prime numbers generated by the

numbers a, c(a,i) is a constant. According to the
classification constructed in [16]

L)

card,(p)

where Carda(p) is the length of the recursion
X, =ax,(mod p) for x, =1.

It is not difficult to show that for any a >1 the
equality

>c(a,i)=1 (5)
i=1
This means that prime numbers are uniformly
distributed in classes P,; for any a. By uniformity

it is meant that within each class of primes P,; the

logarithmic law of distribution of primes is
preserved. The constant c(a,i) defines the measure
of the uniform decimation of primes based on the
value of a. If i—1 then a is the primitive root of

all primes P, ; .

The determination of c(a,i) for any a,i by

analytical methods is unlikely in the short term.
However, the formation and development of
experimental mathematics [17, 18] opens another
way to solve this problem by computer modeling
methods for nonlinear dynamic processes of prime
numbers formation.

Simulation of dynamic processes of
distribution of simple numbers in the system of
classification by the module of prime numbers.

The process of modeling the dynamics of the
formation of prime numbers was built on the
following assumptions. Suppose that we are given
an ordered set of prime numbers

P :{pl, P,y pk,...} whose elements are ordered

in ascending order. All this set was broken into a
subset of 500,000 prime numbers. The number
500000 is due to the limitations of MS Excel, as a
tool for statistical analysis, a number of
characteristics of the process of forming prime
numbers. Only one limitation is important. Always
choose 500000 consecutive prime numbers from the
set P . In the modern version of Excel, this number
can be increased to one million. If you use a
powerful computer, you can choose any larger
number instead of a million.

The realized variant of the study of dynamic
processes of the formation of prime numbers
includes the following indicators: the number of the
prime number p in the ordered set P, the value of

the prime number p, the length of the recursion of
the numbers card_ (p) for the same value a for all
primes P, the value inda(p) of the index of the

class, t .e. ind_(p)=(p—1)/card,(p), the residue

values modulo any natural module n>1, for all
classes and any other analyzed properties of primes
or factors of the decomposition of the number p—1

into prime factors. To each simple factor P; in the

n
decomposition p—1=]]p" . one indicator of the
i=1
dynamic process of the formation of prime numbers
is put in correspondence, individual values that can
be analyzed for any other indicators are the values
for them of the residue modulo the natural number

n>1. The only exception isinda(p). The number

of controlled indicators analyzed in the Excel
environment can be expanded.

The basis for the emergence and development
of experimental mathematics is the following
iterative scheme for solving mathematical problems
figure 1.

According to the idea of experimental
mathematics, at the first iteration we start from
hypothetically known data. But it is also the basis
for obtaining experimental information on the basis
by which analytical methods of number theory give
an extended representation of the hypothesis in the
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form of H,. It is possible that the hypothesis can be

corrected or even rejected as not true. Refined from
the point of view of information technology in

mathematics, the hypothesis H; is used to develop
from the point of view of deepening experimental
mathematics the model of in-depth studies at the I,
level.

Hm ... H2 Hi1 Ho Io It I2..Im

An experimental model
for solving the problem

Mathematical
problem

Figure 1. Scheme of the dynamic process of
information technology formation to solve the
problem

The iteration process is continued until an
analytically valid solution of the generated
hypothesis is obtained. Since the generalized Artin
conjecture is considered in this paper, we present the

results of estimating the constant c(a, i) for the case

a=4 and i=2. The number a=4 is a perfect
square, and therefore it cannot be a primitive root.
From the point of view of the generalized Artin
conjecture, this is as interesting and important as in
the case when a =4 is a primitive root.

Based on the data given in [16], estimates of

c(4,i) for i=24,..20,.. were obtained. It is
shown that their values are stable for class P,,.

class with ind,(p)=2 to the fourth decimal place.
According to the hypothesis of Artin [12], the

set of all prime numbers 7(x,a) for which the

natural number a is their primitive root satisfies the

equality:
z(x,a)=c(a)- z(x)

where c(a) is the Artin constant depending on
a and their determining share on the set 7z(x) of

primes greater or equal. If X tends to infinity then in
the limit at X — co. The term share of primes can be
replaced by the probability of choosing a prime
number p from the set of all primes can be used

when the set of natural numbers N is given a
discrete uniform distribution law such that the

probability distribution function f(x) changes by
one and the same amount only by simple numbers
p € P . In this case, infinite sets Py, consisting of
all prime numbers p are considered such that the
function f(p) determines that p belongs to the set

Pi(p)- In this case, the set Py, has a probability

measure different from zero if this set is infinite. For
finite sets of primes, we assume that their probability
measure is zero due to the assumption that the
probability distribution obeys a uniform law.

Due to the fact that a is the primitive root of all
primes P, then the index
ind,(p)=(p-1)/card,(p) is equal to one
according to Fermat's small theorem for all other
primes pe P ind,(p) will be greater than one. If
a is a complete square, then it is obvious that for
such a the set of primes peP with the same

indices ind_(p) will have an index greater than 1.

Therefore, the whole set of primes is divided into
classes with the same index. We will denote P,.f (i)

the set of all simple p € P such that:

P,.f(i)={p e Plind,(p)=(p-1)/card,(p)= f (i)},
where i indicates the ordinal number of this
subset when ordering such subsets of primes with
the same index by the value of the index. Given such
a partition of P into non-intersecting subsets of

Pa.f(i), the generalized Artin's hypothesis is true,
which is equal to

z(x,a, f(i))=c(a, f(i))z(x)

ic(a, f(i))=1forany a>1.

i=1
Note that a may not be a primitive root for one
prime number p. This is true when a is a perfect
square and a>1. In all such cases, c(a, f(1))=0

and c(a, f(i)) can be equal to zero for other subsets
of primes in the base, and with large values of
ind, (p).

From this formulation of the generalized Artin
hypothesis, it follows the assumption that the
logarithmic law of the distribution of primes is valid
for any a >1 for all sets of primes.

Por@r Parye Parpoe

and at the same time there is a probability
measure P, such that P,(P,.f(i))=c(a.f(i)). This

point of view is close in meaning to the Erdos-Kac
theorem [20] according to

w(n)-IninN _

15 x
<bp=——=—|e 2dx
e N vininN } \/27:;[

Iiml{lsngN la<
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where w(n) is the number of prime divisors of

n without taking into account their degree in the
decomposition of n into prime factors.

In this paper, we consider the Artin hypothesis
only over the set of prime numbers P. A
generalization to the case of finite fields and elliptic
curves is not considered. It should be noted that the
above generalization can be moved to the case of
finite fields, elliptic curves.

To solve the generalized, in the above sense,
Artin's hypothesis, we chose a method of computer
modeling, which is given in our papers [21].

The entire set of P primes is divided into
subsets of 500000 consecutive primes. The object of
the analysis was the first ten million prime numbers.
The developed method and software product allows
both to expand the volume of analyzed consecutive
prime numbers, and to shift blocks of 500,000 by
any value. The number of consecutive primes in the
block can be increased to any final value, the
number 500000 is chosen for two reasons. First,
such a quantity is sufficient to obtain estimates of
the Artin constants for primitive roots with an
accuracy of three decimal places. Their successive
integration is possible to the level of blocks of a
million or more prime numbers.

In the process of modeling the formation of

classes Pa.f(i) i1=12,...,k,.., classes of primes for

all primes from the first ten million prime numbers
were distinguished and the exact number of primes
in each of the classes was calculated. Since the
logarithmic law of distribution of primes is valid on
every sufficiently large subset of consecutive primes
and at the same time on Artin’s hypothesis and its
generalized form, it follows that its extension to any
set of consecutive primes of any size not lower than
the above, but located outside of the investigated
interval will keep the obtained estimates.

It has been established that in order to preserve
the accuracy of estimates or increase the value of
accuracy when moving to intervals of consecutive
primes, it is necessary to increase the length of the
interval. This is due to the fact that with an increase
in the prime numbers the distance between them
increases. The dependence of the accuracy of the

estimate c(a, f(i)) on the values of the maximum

distances between prime numbers. The study of this
dependence is a separate complex mathematical
problem.

To obtain estimates of the c(a, f(i)) constants

in Artin’s generalized hypothesis, a computational
analysis of the class structures was performed:

P.f(@)P,.f(2),P.f(3)..,P,.f(n)...

for ae{2,3,4,...15,16} values on the set of the
first ten million prime numbers. In this case,
f(i)=i, although in the future we will consider
other classes of primes and the function f (i) will
determine the index of the i-th subset of primes in
the whole set of primes whose elements satisfy the
given conditions. In the case of the generalized

Artin's hypothesis, the following equality takes
place:

:10=R, ~(p Pl p)-(p-eors(0)-5

(al):\P f(i)/10" =|P,;| /10°;

a,i

The chosen method for solving the generalized
Aurtin hypothesis consists of two stages:

— computational experiment for a given set of
consecutive prime numbers of power M . In this
case, the first ten million prime numbers are chosen,

and therefore M =10°.

— based on analytical number theory, to prove
the correctness of estimates obtained on the basis of
a computational experiment in accordance with
relations (6).

Table 1 shows the results of a computational
experiment. For the numbers 2, 3, 6, 7, 10, 11, 12,

15, all c(a i i) constants for

j€{2,3,6,7,10111315} coincide almost to the
accuracy of two and even three decimal places.
Ambrose C. D. [19] formed the assumption that this
is true for sets of prime numbers for which 2, 3 are
primitive roots, but the proposition is not proved. On
the basis of the obtained data, it can be argued that
this is true for a wider set of primitive roots.
Interestingly, the set of primes with primitive roots 5
and 8 is not fulfilled. Especially significant
differences exist for the number a=8.

In the case of a=8, the generalized constants

c(8,i) satisfy the condition Zc(&i):l, but their
i=1

values have a different dynamics of change for many

classes.

{2 T N - N

In this paper, the cause of a radical change in
the values of Artin's constants is not investigated.
For the number a=5, the value of the Artin
constant for the set of primes for which a=5 is a
primitive root, the same has a different meaning.
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Table 1
The distribution of prime numbers in 1 to 16 classes in the generalized Artin’s conjecture
C(aai) Pa,l Pa,Z Pa,3 Pa,4 Pa,5 Pa,6 I:)a,7 Pa,8
Py 0,374 0,280 0,066 0,047 0,019 0,050 0,009 0,035
Pa; 0,374 0,299 0,067 0,056 0,019 0,033 0,009 0,014
Py 0,000 0,561 0,000 0,094 0,000 0,100 0,000 0,070
Ps; 0,394 0,266 0,070 0,066 0,000 0,047 0,009 0,017
Ps.i 0,374 0,280 0,066 0,075 0,019 0,050 0,009 0,014
P/ 0,374 0,283 0,066 0,068 0,019 0,050 0,009 0,017
Pg.i 0,224 0,168 0,199 0,028 0,011 0,150 0,005 0,021
Py, 0,000 0,598 0,000 0,112 0,000 0,067 0,000 0,028
P10, 0,374 0,280 0,067 0,071 0,019 0,050 0,009 0,017
P11 0,374 0,281 0,066 0,069 0,019 0,050 0,009 0,017
Pioj 0,374 0,299 0,066 0,056 0,019 0,033 0,009 0,014
Pi3; 0,376 0,279 0,067 0,070 0,019 0,050 0,009 0,017
P14 0,374 0,281 0,066 0,071 0,019 0,050 0,009 0,017
Pis 0,374 0,280 0,066 0,071 0,019 0,051 0,009 0,018
Pisi 0,000 0,374 0,000 0,187 0,000 0,066 0,000 0,140

But this is not the main non-standard behavior
of a=>5. It is important that the classes of primes

{PSVS, P15 P5’25,...,P5110k+5,...} are empty sets. There

are other deviations from the standard of conduct for
ac{2,3,6,71011,14,15}. The analysis of such
deviations requires specific targeted research.

Conclusions

A generalized Artin's hypothesis is formed in
this paper Based on the methods of experimental
mathematics and the developed computer simulation
methods for a given set of natural numbers
a=1{2345,.141516} it was established that
Artin’s generalized hypothesis is true. The estimates
of the Artin constants are obtained. The concept of
analytical proof of the generalized Artin's hypothesis
is formed.

The results of experimental mathematics in
table 1 of the first iteration confirm that Artin's
conjecture is correct. Estimates of the constants are
obtained to within a third decimal place. The data of
the table confirm the generalized Artin hypothesis

for a={2,3,4,5,...14,1516} and the assumption
that ZC(&,Z =i)=1. The obtained results are the
i=1

basis for constructing an analytic proof of the Artin
conjecture and its generalization.

The paper presents the foundations of a new
approach to research in the theory of numbers and
dynamical systems starting with prime numbers. It is
shown that the development of methods of computer
modeling creates the basis for creating iterative
procedures for solving complex mathematical
problems in combination:

<computer model> <= <analytical theory>.
It is established that in mathematical theories in
the study of dynamic processes it is necessary to
take into account the properties of objects of sets
over which the mathematical theory is constructed.
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V3ATAJIBHEHA I'IIMIOTE3A APTIHA TA KOMII’IOTEPHA IH®OOPMAIIMHA MOJEJb ii
BUPIIIIEHHA

I'. M. Boctpos , P. 1O. OnsTa
Odecvruii HayioHanbHuil NONIMEXHIYHUL YHIGepcumem

Anomauis. B pobomi memooamu KOMN'IOMepHO20 MOOENO8AHHSL OOCTIONCEH] GIACMUBOCTE NPOCIUX
yycen, AK OUHAMIYHOI cucmemu, wWo po3eueacmvcs. Y meopii uucen cgopmysanucs maxi Hanpamku
0ocnioxcens. ananimuune, aneebpaiune, 0OYUCTIOBANbHE, KOMOIHAMOpHe, 2eomMempuyne, UMOBIPHICHUIL.
Hesegaorcarouu na ix pisnomanimms i @eiuuesHa KinbKicme nyonikayiil KiibKicmb He supiulenux npoobiem
seIbMU 8padCcac i 30inbulyembcsi 6esnepepero. Y 00CaiONCeHHAX 3 Meopil vucen 3HAUHI 3YCUNIA NO8'SI3aHi 3
npocmumu i HamypaneHumu uuciamu. Ilokazano, wjo mnesupiuieni npobiemu meopii yucen icmomHo
00MedHCYIOmb  NOOANbULL  PO3BUTNOK  MAMEMAMUYHOI HAVKYU SK MEOPemudHoMy, max i NpuKiaoHomy
acnekmax. Cgopmosani 0ocHo8u —excnepumenmanvHoi mamemamuku, sAK IHCmpyMenmy nobyooeu
iHopmayitinux mexHono2ii 6 uucmoi ma npukiadHoi meopii uucen. Ha ocnosi ecinomesu Apmina
cghopmosana y3azanrbHena 2inomesa i NOKA3AHO AK 3AcO00AMU HELIHIUHUX OUHAMIYHUX NPOYecie OMpUMAHO
docmamubo moune ii piuwenns. B mamemamuyi 0o mpuoyamux pokie XX cmoaimms iCHy8aI0 NepeKoHaHHs,
wo Oyov-aka npodrema 6 mamemamuyi moxce oymu supiwena. Oonax 6 1935 poyi I'edenv 006i6, Wo AKWO
KOHCMPYKMUBHA MAMEMAMUYHA Meopis 8KII0UAE apUupMemuKy, mo 6 Hitl 3a6xHcOU 3HAXOOUMbCS CRPABHCHSL
meopema, aKa Hed08iOHa 3acobamu 0anoi mamemamuynoi meopii. Ilouunarouu 3 ybo2o MOMeHmMy, NOYANUCA
aKmueHi 00Ci0NCeH s 8 meopii peKypcusHux yHxyill i echekmuernoi oouucmosanocmi. llapanenvrno bazamo
HeBUPIWEeHUX MameMamuyHi npooiemu cmanu 00'eKmom 0emanbHo20 OOCAIONCEHHsT 3 MOYKU 30PY OYIHKU
CKAAOHOCMI iX upiwienHs. Y menepiwnii uac 6i00MO 6eIuUKA KiTbKiCMb MAMeMamudnux npoonem, uooo
AKuX, 8iocymmus saxka-nebyob ingopmayis wooo ix poszs'szanns. B obnacmi cyyacnoi meopii uucen seauxuil
nepenix makux npooaem 3 0emanbHUM aHAIi30M HA8eOeHO 8 MOHocpaiax i paodi inwux cmamei. OOuicto 3
maxux npobnem € cinomeza Apmina cgpopmogana 6 1927 poyi i ne supiwena doci. Basxciugorw npobremoio
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meopii uucen € onuc 3aKkoHy po3noodiny npocmux uucel. Jaune 3a80anus 6yno supiuene Adamapom i Banne-
Ilycenom, nezanesxcrno ooun 8io oonozo, 6 1896 poyi.

Knrouoei cnoea: Teopin ['edens, epynu eiopaxyeanv, nepeicHull KOpiHb, pO3NOOLI NPOCMUX HUCE,
pexypcisa, sinomesa Apmina, oyiniosanHs napamempis Apmina.

OBOBUHIEHHAS I'MIIOTE3A APTUHA U KOMIIBIOTEPHASI UTHOOPMALIMOHHASA
MOJAEJIb EE PEHIEHUA

I'. H. Boctpos, P. IO. Onsita
Odecckuil HAYUOHATBbHBI NOTUMEXHUYECKUL YHUSEpCUmem

Aunnomayusa. B pabome memodamu KOMNbIOMEPHO20 MOOEIUPOBAHUS UCCIe008AHbL  CBOUCEA
npocmulX  wucen,  Kak — OuHamuyeckou  pazeusaiowjetica  cucmemvl.  Chopmuposansvl  0CHOBYL
IKCHEPUMEHMANbHOU MAMEeMAMuKY, Kax UHCMPYMeHma NOCMpOeHuss UHQOPMAYUOHHBIX MEXHONIO02Ull 8
yyucmou u npukaaonon meopuu uucer. Ha ocnose cunomesvi Apmuma cgopmuposana 0606wennas
2unomesa u NOKAa3aHo 00CMamo4Ho MouHoe ee peuietue.

Knwuesvie cnosa: Teopus [edens, epynnvl 6biuemos, nepeooOPA3HbIL KOPEHb, pPACnpedencHue
NPOCMBIX YUce, peKypcusl, 2unomesa Apmuna, oyeHuganue napamempos Apmuna.
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